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Abstract:We present the field theory treatment of 5D fermions coupled to a brane-Higgs
field in order to get the fermionic Kaluza-Klein mass spectrum. The extra dimension is
flat and we consider the interval compactification. The approach in the literature involves
a regularization procedure of shifting or smoothing the brane-Higgs field. We show several
drawbacks of these methods and propose to treat the vacuum expectation value of the
Higgs field in the boundary conditions for the bulk fields. For that purpose, we need to
introduce fermion brane terms, reminiscent of the holographic approach. We highlight
the link between the conservation of currents and the natural versus essential boundary
conditions on the fields.
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1 Introduction
The paradigm of scenarii with spacelike extra dimensions (and the composite Higgs mod-
els dual via the AdS/CFT correspondance) represents an alternative to SUperSYmmetry
(SUSY) for addressing the gauge hierarchy problem of the Standard Model (SM). Moreover,
the warped extra dimension scenarii [3] with SM fields in the bulk [4–9] allow to generate
the SM fermion mass hierarchy from a simple geometrical picture of fermion Kaluza-Klein
(KK) wave functions along the extra dimension [8, 10]. To realize those two hierarchical
features, the Higgs field, providing masses to fermions and weak gauge bosons of the SM
via ElectroWeak Symmetry Breaking (EWSB), is often stuck exactly on the IR-brane.
In supersymmetric models with a warped geometry (see Ref. [11] for a review), the two
Higgs doublets are localized at the boundary of the extra dimension and SUSY is broken
on the opposite side. On the one hand, if the Higgs doublets are on the IR-brane [12, 13],
then the big gauge hierarchy problem is still solved by the warp factor, and SUSY protects
the masses of the Higgs bosons from radiative corrections between the EW scale and the
quantum gravity scale on the IR-brane. Indeed the current Large Hadron Collider (LHC)
constraints push the quantum gravity scale on the IR-brane up to O(10) TeV, implying a
little hierarchy problem for the mass of the Higgs boson. On the other hand, if the Higgs
doublets are on the UV-brane [14–17], SUSY solves the entire gauge hierarchy problem. In
both cases, the fermion mass hierarchy is generated by allowing the gauge and matter fields
to propagate in the bulk. The same mechanism gives a sfermion spectrum compatible with
the experimental bounds in the flavor sector.
In the present chapter, we discuss a rigorous 5D treatment of a brane localized Higgs
scalar field, interacting with bulk quarks/leptons, which presents subtleties that deserve
to be looked at more deeply. Let us recall these subtle aspects. The brane localized
interactions between the 5D fields and the Higgs boson on the IR-brane involves a Dirac
distribution, which may induce an unusual discontinuity in the KK wave function along the
extra dimension for some of the bulk fermions: the so-called “jump problem” [18, 19]. This
motivated the introduction [19–25] of a regularization of the Dirac distribution (smoothing
– 1 –
the Dirac distribution or shifting it from the boundary) in the calculation of the KK
fermion mass spectra and effective four-dimensional (4D) Yukawa couplings. Although
there is no profound theoretical reason to apply such a regularization procedure (implying
interaction-free boundary conditions for fermions), nowadays most of the theoretical and
phenomenological studies of the warped models with a brane localized SM Higgs field (see
e.g. Refs. [23–31]) are relying on this Dirac distribution regularization.
We first present the mathematical inconsistencies of this regularization procedure used
in the literature. Then, instead of regularizing, we develop the rigorous determination of
the KK wave functions – taking into account the nature of the Dirac distribution in the
Higgs couplings – which leads to bulk fermion KK wave functions without discontinuities
on the considered internal space. Alternatively, we suggest to introduce the appropriate
formalism of distributions in order to treat properly the Dirac distribution as well as all the
Lagrangian terms. We conclude from this whole approach that neither a jump of KK wave
functions nor a particular problem arises when a proper mathematical framework is used,
so that there is in fact no motivation to introduce a brane-Higgs regularization. These
methods without regularization are illustrated here in the derivation of the KK fermion
mass spectrum – the same ideas apply to the calculation of effective 4D Yukawa couplings.
This calculation of the mass spectrum is performed in a simplified model with a flat extra
dimension, the minimal field content and without gauge symmetry. Nevertheless this toy
model already possesses all the key ingredients to study the delicate brane-Higgs aspects.
Hence our conclusions can be directly extended to the realistic warped models with bulk
SM matter addressing the fermion flavor and gauge hierarchy.
Several new methods for the calculation of the spectrum are proposed which further
allow for confirmations of the analytical results. Those methods apply to alternative uses
of the 5D or the 4D approaches, employing distributions or functions. Note that from
a historical point of view, the method established here arises naturally in the theory of
variational calculus, as the Lagrangian boundary terms (brane-Higgs couplings to fermions)
are included in a new boundary condition [32]. Furthermore, the present method follows
the prescription of considering the Dirac function to be a distribution. By the way, the
distributions were defined with mathematical rigor during the 1940’s by L. Schwartz [33, 34]
precisely for the purpose of consistently solving physical problems.
Besides, the performed exhaustive exploration of the solutions for the KK wave func-
tion, in the context of two fermion fields propagating along a flat extra dimension with
neither bulk mass nor BLKTs, allows to show that while in the free case either Neumann
or Dirichlet conditions are possible at both interval boundaries (with possibly different
conditions at the two boundaries), once their brane-Higgs couplings are introduced, only
the new type of boundary conditions involving the Yukawa coupling constants exists at the
boundary where the Higgs field is localized.
The rigorous result obtained here for the KK mass spectrum is different from the one
derived through the regularization of Dirac distributions, as it is detailed in the present
work. This difference is physical and analytical which is also important because determining
the fermion mass formula is part of the precise theoretical understanding of the higher-
dimensional setup with a brane localized Higgs boson, since the Higgs properties are tested
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at the LHC with an increasing accuracy. Phenomenological studies of the brane localized
Higgs interaction within warped models can be found in Refs. [24, 26–31, 35–41].
At the level of calculating Higgs production/decay rates, a theoretical debate appeared
in the literature [28] on models with brane-Higgs coupling to bulk matter. Indeed, a para-
doxal non-commutativity arose in the calculation: different physical results were obtained
for Higgs processes when taking → 0 and then NKK →∞ [24, 27] or the opposite order
[26] 1. A consequence of our present work is that the ambiguity is solved since our conclu-
sion is that the regularization must not be applied (in turn no  has to be introduced).
Furthermore, the mass spectrum obtained here allows to point out the necessity for
bulk fermions (with or without coupling to a brane localized scalar field) to have certain
Henningson-Sfetsos (HS) boundary terms (studied in a different context in Refs. [42–46])
which are mass terms from the point of view of the spinorial structure but do not intro-
duce new contributions to physical masses. Indeed, such terms guarantee the existence of
physical solutions (with correct profile normalizations, Hermitian conjugate boundary con-
ditions and satisfying the decoupling limit argument) and the (non-trivial) exact matching
between the 5D and 4D analytical calculations. These boundary terms are part of the
definition of the self-consistent 5D model with bulk fermions coupled to a brane localized
scalar field, although they are newly introduced in this context.
At a brane without Yukawa coupling, instead of including the HS terms, we find
that one can alternatively impose an essential boundary condition (in contrast to natural
boundary conditions coming from the Lagrangian variations), consistent with the condition
that a fermion current along the extra dimension must vanish at the boundaries (exclusively
within the 4D approach in case of brane localized Yukawa interactions). Indeed, the generic
reason for the presence of the HS terms is the consistent and complete geometrical definition
of models with an extra dimension compactified on an interval to which fermionic matter
is confined. With the HS terms, the chiral nature of the SM at the level of the zero modes
(left-handed for the weak isodoublets and right-handed for the weak isosinglets) is entirely
induced by the signs in front of HS terms. This new relation shows how the particular
chiral properties of the SM could be explained by an underlying theory, through the signs
of the HS terms.
The plan of the chapter is the following. We begin by defining our toy model in Section
2 and explain how to generalize it to a realistic warped model reproducing the SM at low
energy. In Section 3, we discuss in detail the natural versus essential boundary conditions
for bulk fermions – at the boundaries of the extra dimension – and also to derive the free
fermion mass spectrum (in the absence of Yukawa interactions), which is useful in particular
for the 4D approach or more generically for a solid comprehension of the mass spectrum. In
particular the boundary conditions arising from considerations on the probability currents
are discussed. We expose the so-called 4D method, where the coupling of the bulk fermions
to the Higgs field Vacuum Expectation Value (VEV) is introduced with an infinite matrix
to bi-diagonalize. In Section 5, we discuss the main drawbacks of the 5D method with
1Here NKK is the number of exchanged KK states at the level of the loop amplitude and  is the
infinitesimal parameter introduced to regularize the Dirac distribution.
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regularization of the Dirac distribution which one can find in the literature. In Section 6,
we present our 5D method. In Section 7, we apply our results, together with a discussion
of the phenomenological impacts. We summarize and conclude in Section 8.
2 Minimal Consistent Model
2.1 Spacetime Structure
We consider a 5D toy model with a space-time E5 =M4 × I.
• M4 is the usual 4D Minkowski spacetime. An event in M4 is characterized by its
4-vector coordinates xµ where µ = 0, 1, 2, 3 is the Lorentz index.
• I is the interval [0, L], guaranteeing chiral fermions at low energies (below the first
KK mass scale). I is parametrized by the extra coordinate y and bounded by two
flat 3-branes at y = 0 and y = L.
• A point of the whole 5D spacetime E5 is labeled by its coordinates zM with an index
M ∈ J0, 4K. zM can be split into (xµ, y).
2.2 Bulk Fermions
We consider the minimal spin-1/2 fermion field content allowing to write down a 4D renor-
malizable SM Yukawa-like coupling between zero mode fermions (of different chiralities)
and a scalar field (see Subsection 2.4): a pair of fermions Q and D. Both are also propagat-
ing along the extra dimension, as we have in mind an extension of the model to a realistic
scenario with bulk matter (c.f. Subsection 2.6) where Q,D will be left and right handed
down type quark fields. According to the discussion in Appendix C, there are branes only
at the boundaries so we take the 5D fields continuous up to the boundaries. Using the
notation, ←→∂M = −→∂M −←−∂M , the 5D fields Q(xµ, y) and D(xµ, y) of mass dimension 2 have
thus the following kinetic terms:
SΨ =
∫
d4x
∫ L
0
dy LΨ ,
with LΨ = i2
(
QΓM←→∂MQ+DΓM←→∂MD
)
, (2.1)
where ΓM denote the 5D Dirac matrices. In our notations a 5D Dirac spinor, being in the
irreducible representation of the Lorentz group, reads
Q =
(
QL
QR
)
and D =
(
DL
DR
)
, (2.2)
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in terms of the two two-component Weyl spinors. L/R stands for the left/right-handed
chirality. Let us rewrite the bulk action of Eq. (2.1) in a convenient form:
SΨ =
∫
d4x
∫ L
0
dy LΨ ,
with LΨ =
∑
F=Q,D
1
2
(
iF †Rσ
µ←→∂µFR + iF †Lσ
µ←→
∂µFL + F †R
←→
∂yFL − F †L
←→
∂yFR
)
. (2.3)
2.3 Brane Localized Scalar Field
The subtle aspects arise when the fermions couple to a single 4D real scalar field H (mass
dimension 1), confined on a boundary taken here to be at y = L (as inspired by warped
scenarii addressing the gauge hierarchy problem). The action of this scalar field has the
generic form
SH =
∫
d4x
∫ L
0
dy δ(y − L) LH ,
with LH = 12 ∂µH∂
µH − V (H) , (2.4)
where the action of a Dirac distribution centered at y = a on a testfunction ϕ(y) is defined
as ∫ L
0
dy δ(y − a)ϕ(y) = ϕ(a) . (2.5)
The potential V possesses a minimum which generates a non-vanishing VEV for the field
H, which can be expanded as
H = v + h(x
µ)√
2
, (2.6)
in analogy to the SM Higgs field.
2.4 Yukawa Interactions
We focus on the following basic interactions in order to study the subtleties induced by the
coupling of the brane scalar field to bulk fermions,
SY =
∫
d4x
∫ L
0
dy δ(y − L) LY ,
with LY = −Y5 Q†LHDR − Y ′5 Q†RHDL + H.c. . (2.7)
Considering operators involving H, Q and D up to dimension 5 allows to include this
Yukawa coupling of interest 2. The complex coupling constants Y5 = eiαY |Y5| and Y ′5 =
eiα′Y |Y ′5 | of Yukawa type (with a mass dimension -1), entering these two distinct terms, are
2Notice that for instance a dimension-6 operator of type 1
M2 δ(y − L)Q†L/RH2DR/L, M being a mass
scale, would be treated in a similar way as the couplings in Eq. (2.7) (and can contribute to the Yukawa
couplings (2.7) through the scalar field VEV).
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independent (i.e. parameters with possibly different values) as the fermion fields on the
3-brane at y = L are strictly chiral (see for instance Ref. [23]).
When calculating the KK fermion mass spectrum, we restrict our considerations to
the VEV of H. Indeed, we have in mind that the interactions of the fluctuation of the
Higgs boson with the fermions are treated in perturbation theory, as usual in quantum
field theory. Hence, we can decompose the action (2.7) into SY = SX + ShQD such that
SX =
∫
d4x
∫ L
0
dy δ(y − L) LX ,
with LX = −X Q†LDR −X ′ Q†RDL + H.c. , (2.8)
and the compact notations X = v√
2
Y5 and X ′ =
v√
2
Y ′5 , and
ShQD =
∫
d4x
∫ L
0
dy δ(y − L) LhQD ,
with LhQD = − Y5√2 hQ
†
LDR −
Y ′5√
2
hQ†RDL + H.c. . (2.9)
2.5 Henningson-Sfetsos Boundary Terms
Interestingly, the presence of certain HS terms for the bulk fermions coupled to the brane
Higgs field will turn out to be required to recover the SM in the decoupling limit as will
be demonstrated in detail in Subsection 6.3. The necessity and exact form (including
numerical coefficients) of these terms will be confirmed in Subsection 6.3 by the exact
analytical matching between the 4D and 5D calculations of the KK mass spectrum. These
boundary terms read3
SB =
∫
d4x
∫ L
0
dy [δ(y)− δ(y − L)] LB ,
with LB = 12
(
DD −QQ
)
, (2.10)
They do not involve new parameters (multiplying the operators).
Note that this kind of boundary terms (2.10) is a specific case of boundary mass terms
that one can add to the model:
SHS =
∫
d4x
∫ L
0
dy [δ(y) + δ(y − L)] LHS ,
with LHS = −
∑
F=Q,D
µF (y)
2 FF, (2.11)
3Similar terms, leading in particular to LB = 12(DD − Q
D
QD), would be present in a model version
extended to the EW symmetry of the SM, with the Q field promoted to an SU(2)L doublet QD. In contrast,
terms of the kind QUD (or QD) or QUQD would obviously not belong to a gauge invariant form.
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when µQ(0) = µD(L) = 1 and µQ(L) = µD(0) = −1. In Ref. [42], Henningson and Sfetsos
introduced by hand such kind of terms only at the UV-brane (y = 0) of a warped 5D model
with an arbitrary coefficient µF (0), in order to derive the AdS/CFT correspondance in the
calculation of correlation functions for spinors (see also Ref. [43]). Then, Arutyunov and
Frolov justified them in Ref. [44] with a fixed coefficient µF (0) = ±1 in the Lagrangian
formulation, to obtain a consistent Hamiltonian formulation when one performs the Leg-
endre transformation in the case of a full AdS spacetime. Refs. [45, 46] showed that they
are necessary to apply Hamilton’s principle – see Annexe B. Note that one is free to add
also such kind of terms at the IR-brane (y = L). The AdS/CFT duality can be used to
give a holographic interpretation of warped models (from which the present simplified sce-
nario is inspired) in terms of composite Higgs models. Refs. [47–49] make use of boundary
terms to select boundary conditions with Hamilton’s principle for 5D symplectic-Majorana
fermions.
The necessity of boundary localized terms, in a field theory defined on a manifold with
boundaries, is not a surprise as it is known for a long time in the context of gravity. Indeed,
Gibbons-Hawking boundary terms [50–53] are needed in order to cancel the variation of
the Ricci tensor at the boundary of the manifold.
2.6 Model Extension
The toy model considered is thus characterized by the action
S5D = SΨ + SH + SY + SB . (2.12)
Nevertheless, the conclusions of the present work can be directly generalized to realistic
warped models with bulk SM matter solving the fermion mass and gauge hierarchies.
Indeed, working with a warped extra dimension instead of a flat one would not affect the
conceptual subtleties concerning the coupling of bulk fermions to a brane scalar field. The
boundaries at y = 0 and y = L would then become the UV and IR-branes, respectively.
Similarly, the scalar potential V (H) can be extended to any potential (like the SM Higgs
potential breaking the EW symmetry) as long as it still generates a VEV for the scalar field
as here. In this context the H singlet can be promoted to the Higgs doublet under the SM
SU(2)W gauge group, simply by inserting doublets in the kinetic term of Eq. (2.4). The
whole structure of the coupling of Eq. (2.8) between bulk fermions and the brane localized
VEV would remain the same in case of fermions promoted to SM SU(2)W weak isodoublets:
after index contraction of the doublet (QU , QD)t with down/up-quark singlets D,U , one
would obtain two replicas of the structure (2.8) with the forms QDCDC′ and Q
U
CUC′ where
C(′) denotes the chirality. Hence the procedure described in this work should be applied
to both terms separately 4. The same comment holds for the SM color triplet contraction
and the extension of the field content to three generations of quarks and leptons of the
SM. Notice that the flavor mixings would be combined with the mixings among fermion
4The action in Eq. (2.12) would be trivially generalized as well to a scenario with a gauge symmetry.
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modes of the KK towers, without any impact on the present considerations concerning
brane localized couplings.
3 5D Free Fermions on an Interval
In this part, we calculate the fermionic mass spectrum in the basic case where Y5 = Y ′5 = 0
in Eq. (2.7) (Refs [19, 54]), pointing out the correct treatment. We consider the system
with a compactification on an interval with only the free bulk action SΨ in Eq. (2.3). The
main interest of this section is to develop a rigorous procedure for applying the boundary
conditions.
3.1 Natural Boundary Conditions Only
In order to extract the Euler-Lagrange equations and the boundary conditions for the bulk
fermions, we apply Hamilton’s principle with the action (2.3) for each fermion F = Q,D 5.
According to the discussion in Appendix C, we take the variations of the fields continuous
in the bulk and at the boundaries since there are no branes away from the boundaries.
Assuming the values of the fields at the boundaries FL/R(xµ, y = 0, L) =ˆ FL/R
∣∣∣
0,L
to be
initially unknown (unfixed by ad hoc boundary conditions), their values should be deduced
from the minimization of the action with respect to them, considering thus generic field
variations δFL/R
∣∣∣
0,L
. In other words, FL/R
∣∣∣
0,L
should be obtained from the so-called natu-
ral boundary conditions6 [32]. The stationary action condition can be split into conditions
associated to each field without loss of generality. After an integration by part of each
term, we get
0 = δ
F †L
SΨ =
∫
d4x
∫ L
0
dy δF †L
[
iσ
µ
∂µFL − ∂yFR
]
+
∫
d4x
1
2
[(
δF †L FR
)∣∣∣
L
−
(
δF †L FR
)∣∣∣
0
]
, (3.1)
0 = δ
F †R
SΨ =
∫
d4x
∫ L
0
dy δF †R [iσ
µ∂µFR + ∂yFL]
+
∫
d4x
1
2
[
−
(
δF †R FL
)∣∣∣
L
+
(
δF †R FL
)∣∣∣
0
]
, (3.2)
where we drop the boundary term at infinity of the four usual dimensions. The bulk and
brane variations of Eqs. (3.1)-(3.2) must vanish separately (respectively the volume and
the surface terms) to ensure δ
F †
L/R
SΨ = 0 for generic field variations 7. We get the bulk
5The Euler-Lagrange equations for the conjugate fields are trivially related.
6The notion of natural boundary conditions has already been introduced in the treatment of scalars and
gauge fields with brane localized mass terms [55].
7A functional variation reads δFL/R(zM ) = κ ηL/R(zM ) with a generic function ηL/R(zM ) and an
infinitesimal parameter κ→ 0.
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Euler-Lagrange equations  iσ
µ∂µFR + ∂yFL = 0 ,
iσ
µ
∂µFL − ∂yFR = 0 ,
(3.3)
and the boundary conditions
FL|0,L = FR|0,L = 0. (3.4)
Let us now deduce from these equations involving the 5D fields the relations among the
KK wave functions along the extra dimension.
To develop a 4D effective picture, let us replace the 5D fields in the relations obtained
just above by their standard KK decomposition,
FL/R (xµ, y) =
1√
L
∑
n
fnL/R(y)FnL/R (xµ) , (3.5)
where fnL/R = qnL/R or dnL/R are the dimensionless KK wave functions along the extra di-
mension, associated respectively to the 4D fields FnL/R = QnL/R or DnL/R (n is the KK level
integer index). If they are not vanishing for all y, the KK wave functions are orthonormal-
ized such that
∀n , ∀m , 1
L
∫ L
0
dy fn∗L/R(y) fmL/R(y) = δnm, (3.6)
from the requirement of canonically normalized and diagonal kinetic terms for the 4D fields
after inserting the KK decomposition (3.5) into the 5D field kinetic terms (2.3). Each KK-
fermion is described by 4D Dirac-Weyl equations,
∀n,
 iσ
µ
∂µF
n
L (xµ)−mn FnR (xµ) = 0 ,
iσµ∂µF
n
R (xµ)−mn FnL (xµ) = 0 ,
(3.7)
where mn are the mass eigenvalues of the KK excitation tower for the fermions such that,
for each KK mode, one has the action
SnF = αnL iF
n†
L σ
µ
∂µF
n
L + αnR iF
n†
R σ
µ∂µF
n
R − αnLαnRmn
(
Fn†R F
n
L + F
n†
L F
n
R
)
, (3.8)
where αnL/R = 1 if fnL/R(y) 6= 0, and αnL/R = 0 if fnL/R(y) = 0. Inserting the KK decompo-
sition (3.5) and the Dirac equations (3.7) into the 5D Euler-Lagrange equations (3.3), one
can directly extract the differential equations for the KK wave functions,
∀n ,
 ∂yf
n
R(y)−mn fnL(y) = 0,
∂yf
n
L(y) +mn fnR(y) = 0,
(3.9)
whose solutions for the zero modes (m0 = 0) are
f0L/R(y) = A
f,0
L/R , (3.10)
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where the Af,0L/R’s are complex coefficients. For the massive modes (mn 6= 0), the first order
differential equations (3.9) can be combined into second order equations,
∀n,
(
∂2y +m2n
)
fnL/R(y) = 0, (3.11)
which are the equations for independent harmonic oscillators whose solutions have the
general form
∀n, fnL/R(y) = Af,nL/R cos(mn y) +Bf,nL/R sin(mn y) , (3.12)
where Af,nL/R, B
f,n
L/R are complex coefficients. Eq. (3.9) is a system of first order coupled
equations which imposes the relations Af,nL = B
f,n
R and A
f,n
R = −Bf,nL for mn 6= 0.
Now, inserting Eq. (3.5) into the boundary conditions (3.4), we obtain the following
Dirichlet boundary conditions for any KK wave function
∀n, fnL/R(0) = fnL/R(L) = 0. (3.13)
For massive modes, a Dirichlet boundary condition for a KK wave function associated to one
chirality, fnL/R(0, L) = 0, combined with Eq. (3.9), gives a Neumann boundary condition
for the KK wave function of the other chirality, ∂yfnR/L(0, L) = 0. Hence, the KK wave
functions have both Dirichlet and Neumann boundary conditions at each boundary. When
applied to the expression of the KK wave functions in Eqs. (3.12)-(3.12), the boundary
conditions lead to ∀n, Af,nL = Af,nR = Bf,nL = Bf,nR = 0, hence
∀n, fnL/R(y) = 0, (3.14)
which means that there are no KK modes. This problem comes from the fact that the
system is overconstrained at the boundaries. Indeed, the KK wave function equations
(3.9) relate fnL(y) and fnR(y) on-shell for the massive modes: a boundary condition on
fnL(y) is also a constraint on fnR(y) and vice versa. Therefore, the KK wave functions
fnL(y) and fnR(y) for mn 6= 0 depend on the same three parameters: the mass mn and the
two complex coefficients Bf,nL/R. For the zero modes, f
0
L(y) and f0R(y) depend each on one
complex coefficient Af,0L/R. The variation of the action at the boundaries in Eqs. (3.1)-(3.2)
involves the variations of both FL and FR so there are two natural boundary conditions
for each boundary. The system is thus overconstrained, that is why the KK wave functions
vanish everywhere for all modes.
In order to have a non-trivial 5D fermion model interesting for physics, we have to
choose another kind of boundary conditions (see the next Subsection 3.2). In Subsec-
tion 3.3, we show that if we modify our model by introducing the HS terms (2.10), we
avoid the above problems.
3.2 Essential Boundary Conditions from Conserved Currents
Regarding the geometrical field configuration within the present model, each fermion is
defined only along the interval [0, L]. This model building hypothesis, that fermions do
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not propagate outside the interval, translates into the condition of a vanishing conserved
current transversal to the branes at both boundaries for each fermion species separately
(without possible compensations) – as was discussed in Ref. [56] for a scalar field case.
Formally speaking, there are two conserved currents defined independently for the two
bulk fermions, involving the 5D fields F = Q,D:
jMQ = QΓMQ, jMD = D ΓMD, with the local conservation law ∂MjMF = 0 , (3.15)
as predicted by Noether’s theorem applied to the global fermionic symmetry U(1)Q×U(1)D
of the free action in Eq. (2.1). The symmetries are based on the distinct transformations,
Q 7→ e−iαqQ , D 7→ e−iαdD, (3.16)
where αf = αq, αd (∈ R) are the continuous parameters of the transformations. Infinitesi-
mal field variations give δF = −iαfF , δF = iαfF . The condition that the component of
the conserved currents transverse to the branes vanishes at the boundaries is thus,
j4F
∣∣∣
0,L
= F Γ4F
∣∣∣
0,L
= i
(
F †LFR − F †RFL
)∣∣∣
0,L
= 0 , (3.17)
It implies the following possible Dirichlet boundary conditions,
FL|0 = 0 or FR|0 = 0 and FL|L = 0 or FR|L = 0, (3.18)
which translate into boundary conditions for the KK wave functions after the KK decom-
position (3.5),
∀n, fnL(0) = 0 or fnR(0) = 0, and fnL(L) = 0 or fnR(L) = 0. (3.19)
One can impose ad hoc conditions on the fields at the boundaries from the begin-
ning, instead of using natural boundary conditions derived from the variational calculus
[32]. Such boundary conditions will be called essential boundary conditions. Having fixed
fields at boundaries is equivalent to have vanishing functional variations, δFL|0,L = 0
or δFR|0,L = 0. The conditions (3.18) of vanishing fields at the boundaries can be im-
posed as essential boundary conditions: they correspond to some fields initially fixed at
the boundaries [geometrical field configuration]. This is in contrast to our first treatment
[above], where all the boundary fields FL/R
∣∣∣
0,L
were assumed to be initially arbitrary, and
then we obtained the natural boundary conditions through Hamilton’s principle. In the
literature, Dirichlet boundary conditions are imposed by hand as essential boundary con-
ditions [19, 54]. Here, we justify these essential boundary conditions by the requirement of
vanishing probability currents at the boundaries.
Keeping these new essential boundary conditions (3.18)-(3.19) in mind, let us apply
Hamilton’s principle to the action (2.3) as in Eqs. (3.1)-(3.2). The vanishing of the bulk
variations is identical to the previous treatment and leads to the same equations (3.3).
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However, the boundary variations – in the two-component notations –(
δF †LFR
)∣∣∣
0,L
=
(
δF †RFL
)∣∣∣
0,L
= 0, (3.20)
are vanishing this time by the choice of one of the four possible essential boundary condi-
tions (3.18) which read
1) FL|0 = 0 and FL|L = 0, 2) FL|0 = 0 and FR|L = 0,
3) FR|0 = 0 and FL|L = 0, 4) FR|0 = 0 and FR|L = 0, (3.21)
recalling that FL/R
∣∣∣
0,L
= 0 implies δFL/R
∣∣∣
0,L
= 0. In other words, for instance, if F (†)L
∣∣∣
0
=
0 then there is no need to minimize the action with respect to this known field at the
boundary so that the corresponding variation term [involving δF †L
∣∣∣
0
] in Eq. (3.20) should
be absent. Hence to obtain complete boundary conditions, we have to combine only the
essential boundary conditions (3.21) with the KK wave functions equations (3.9) [and their
solutions (3.12)]. For the fields which are not fixed at the boundaries by essential boundary
conditions, their variation must be generic. We obtain the following four possible sets of
wave functions and KK mass spectrum equations (∀n),
1) (−−) : fnL(y) = −Af,nR sin(mn y), (++) : fnR(y) = Af,nR cos(mn y) ; sin(mn L) = 0,
2) (−+) : fnL(y) = −Af,nR sin(mn y), (+−) : fnR(y) = Af,nR cos(mn y) ; cos(mn L) = 0,
3) (+−) : fnL(y) = Af,nL cos(mn y), (−+) : fnR(y) = Af,nL sin(mn y) ; cos(mn L) = 0,
4) (++) : fnL(y) = A
f,n
L cos(mn y), (−−) : fnR(y) = Af,nL sin(mn y) ; sin(mn L) = 0,
(3.22)
In Eq. (3.22), we have used the standard boundary condition notations, i.e. − or + for
example at y = 0 stands respectively for the Dirichlet or Neumann KK wave function
boundary condition: fnL/R(0) = 0 or ∂yfnL/R(0) = 0. For instance (−+) denotes Dirichlet
(Neumann) boundary condition at y = 0 (y = L). For the boundary conditions 1) and 2),
we would like to know if the phase of Af,nL is physical. For that purpose, we perform the
transformations:
Af,nL 7→ eiθnAf,nL =⇒ (fnL , fnR) 7→ (eiθnfnL , eiθnfnR) , (3.23)
which let the KK wave functions equations (3.9) and the orthonormalization conditions
(3.6) invariant, thus the phase of Af,nL is not physical and one can take A
f,n
L = |Af,nL |. For
the boundary conditions 3) and 4), the same method is applied to conclude that the phase
of Af,nR is not physical. We take A
f,n
R = |Af,nR |. The boundary conditions 1) and 4) have
the following solutions for the KK mass spectrum:
sin(mn L) = 0 ⇒ mn = n pi
L
, n ∈ N . (3.24)
As mn = −npi/L is also solution of the mass spectrum equation (3.24), we will show that
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the sign of mn is not physical. One can perform the transformations{
mn 7→ −mn
FnR 7→ −FnR or FnL 7→ −FnL
(3.25)
Then, the 4D actions of each KK modes (3.8) (and thus the Dirac equations (3.7)), the
KK wave functions equations (3.9) and the orthonormalization conditions (3.6) (using the
parity of the solutions (3.22)) are invariant. One can conlude that the sign of mn is not
physical and take mn ≥ 0. The boundary conditions 2) and 3) have the solutions:
cos(mn L) = 0 ⇒ mn = (2n+ 1) pi2L , n ∈ N. (3.26)
mn = −(2n + 1)pi/(2L) is also solution of the mass spectrum equation (3.26). By using
the same method as above, one can show that the sign of mn is not physical and take
mn ≥ 0. Therefore, in the case of the first complete boundary conditions above, the 5D
field F possesses a zero mode (m0 = 0) with a KK wave function f0R(y) associated to a
right-handed chirality 4D field F 0R [c.f. Eq. (3.5)], since f0L(y) = 0 – in contrast to the
second complete boundary conditions without zero mode (m0 6= 0). The constants |Af,nL |
and |Af,nR | are fixed by the orthonormalization conditions (3.6).
Now let us impose on the 5D fields Q,D the realistic complete boundary conditions in
Eq. (3.22) to fix the model. D,Q are associated respectively to the first and fourth complete
boundary conditions of Eq. (3.22), implying the existence of zero mode 4D fields, which
is realistic as, in standard warped scenarios including Yukawa interactions, the various
measured quark masses are expected to originate mainly from the EWSB mechanism.
Furthermore, within an extended realistic warped model (as described in Subsection 2.6)
the Q field is promoted to a SM SU(2)W gauge doublet, which is consistent with the left-
handed chirality of the zero mode 4D field Q0L imposed by the fourth complete boundary
conditions, while D is the SU(2)L singlet down-quark, compatible with the right-handed
chirality of D0R driven by the first complete boundary conditions. The KK wave functions
associated to these realistic boundary conditions are{
q0L(y) = 1 , q0R(y) = 0 ,
d0L(y) = 0 , d0R(y) = 1 ,
(3.27)
for the massless zero modes, and{
qnL(y) =
√
2 cos(mn y) , qnR(y) =
√
2 sin(mn y) ,
dnL(y) = −
√
2 sin(mn y) , dnR(y) =
√
2 cos(mn y) ,
(3.28)
for the excited modes with mn = n (pi/L), n ∈ N∗. The second and third complete
boundary conditions of Eq. (3.22) are not realistic for a describtion of SM fermions, since
they predict neither zero mode 4D fields nor chiral states (only vector-like modes). A
chiral model can thus be recovered at low-energy for a specific choice of complete boundary
conditions on the boundaries of the interval.
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One can notice that the action SΨ (2.1) has an accidental global SU(2) symmetry
whose fundamental representation acts on the doublet (Q,D). However, we do not want
this symmetry in our model: our choice of boundary conditions 1) and 4) in Eq. (3.22)
break this SU(2) symmetry explicitely. Indeed, one can check that the component of the
associated Noether’s current transverse to the 3-branes is not vanishing for these boundary
conditions. This is not a problem since the SU(2) symmetry is not in our list of symmetries
which define our model.
3.3 Natural Boundary Conditions with Henningson-Sfetsos Boundary
Terms
We propose an alternative solution to the problem of 5D free fermions with the extra di-
mension compactified on an interval. Instead of imposing essential boundary conditions
when performing Hamilton’s principle with the action SΨ in Eq. (2.3), we add the boundary
terms (2.11) allowing for natural boundary conditions. This is the point of view adopted
in Ref. [52] for a 5D scalar field and 5D gravity, and in Refs. [47, 48] for a 5D symplectic-
Majorana fermion. We will see that the two methods give the same physical mass spectrum
as in the previous subsection if the boundary terms have fixed coefficients. Essential bound-
ary conditions and natural boundary conditions with HS terms correspond to two ways to
describe the same model.
Let us apply Hamilton’s principle by considering the sum of the actions (2.3) and (2.11)
involving the two-component spinor fields:
0 = δ
F †L
(SΨ + SHS) =
∫
d4x
∫ L
0
dy δF †L
[
iσ
µ
∂µFL − ∂yFR
]
−12
∫
d4x [1 + µF (0)]
(
δF †LFR
)∣∣∣
0
+12
∫
d4x [1− µF (L)]
(
δF †LFR
)∣∣∣
L
, (3.29)
0 = δ
F †R
(SΨ + SHS) =
∫
d4x
∫ L
0
dy δF †R [iσ
µ∂µFR + ∂yFL]
+12
∫
d4x [1− µF (0)]
(
δF †RFL
)∣∣∣
0
−12
∫
d4x [1 + µF (L)]
(
δF †RFL
)∣∣∣
L
. (3.30)
For generic field variations δF †L/R
∣∣∣
0,L
, the bulk and brane variations in Eqs. (3.29) and
(3.30) have to vanish separately, leading to the same equations as in Eq. (3.3) and in
turn, via Eqs. (3.7) and (3.5), to the Euler-Lagrange equations (3.9) with solutions (3.10)-
(3.12). We are thus left with the natural boundary conditions (generic field variations at
the boundaries):
[1 + µF (0)] FR|0 = [1− µF (L)] FR|L = [1− µF (0)] FL|0 = [1 + µF (L)] FL|L = 0. (3.31)
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For µF (0) 6= ±1 and µF (L) 6= ±1, we get the same boundary conditions as in Eq. (3.4)
which, after a KK decomposition (3.5) and solving the KK wave functions equations (3.9),
leads to vanishing KK wave functions everywhere (3.13) in the bulk as in Subsection 3.1.
Indeed, the system is still overconstrained by the natural boundary conditions (see dis-
cussion below Eq. (3.14)). In order to obtain interesting natural boundary conditions for
physics, one should take µF (0) = ±1 and µF (L) = ±1. In these cases, the variation of the
action at the boundaries (Eq. (3.30)) involves only one of the two chiralities: FL or FR.
This implies that there is only one natural boundary condition for each boundary instead
of two:
µF (0) = 1 ⇒ FR|0 = 0, µF (0) = −1 ⇒ FL|0 = 0,
µF (L) = 1 ⇒ FL|L = 0, µF (L) = −1 ⇒ FR|L = 0. (3.32)
Performing a KK decomposition (3.5) and using Eq. (3.9), one obtains the following bound-
ary conditions for the KK wave functions:
1) µF (0) = −µF (L) = −1 ⇒ (−−) : fnL(y), (++) : fnR(y),
2) µF (0) = µF (L) = −1 ⇒ (−+) : fnL(y), (+−) : fnR(y),
3) µF (0) = µF (L) = 1 ⇒ (+−) : fnL(y), (−+) : fnR(y),
4) µF (0) = −µF (L) = 1 ⇒ (++) : fnL(y), (−−) : fnR(y),
(3.33)
where we used the same numbering as in Eq. (3.22). The associated KK wave function
solutions and mass spectrum are the same (the system is not overconstraines anymore).
As in Subsection 3.2, we take the boundary conditions 1) and 4) respectively for the fields
D and Q, so the boundary terms are the ones of Eq. (2.10).
The kinetic terms (2.1) and the HS terms (2.11) are invariant under the global sym-
metries U(1)Q and U(1)D so there are conserved currents JMQ and JMD (see Appendix D for
a discussion on Noether’s theorem with boundary terms). From Eq. (D.8), the conserved
currents are
JMF = jMF ΘI , ΘI(y) = θ(y)− θ(y − L) (3.34)
with jMF defined as in Eq. (3.15) and where θ(y) is the Heaviside distribution. j4F is given
by Eq. (3.17). The 5-divergence of this conserved current vanishes:
∂MJ
M
F = ∂MjMF ΘI + j4F [δ(y)− δ(y − L)] = 0 . (3.35)
From the conservation of jMF in the bulk, we have
∂Mj
M
Q = 0. (3.36)
The fields are differentiable with continuous derivatives on [0, L], thus Eq. (3.36) can be
extended to the 3-branes. Using this last result in (3.35), we have
∂MJ
M
F = j4F [δ(y)− δ(y − L)] = 0 . (3.37)
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We get Eq. (3.17), which is guaranteed by the boundary conditions (3.33). Therefore, using
this method, the boundary conditions on the currents are a consequence of Hamilton’s
principle instead of a requirement imposed by essential boundary conditions.
The global SU(2) symmetry of the action (2.1) is not a symmetry of the boundary
terms (2.10) and thus of the natural boundary conditions through Hamilton’s principle.
Here, the symmetry is broken explicitely in the action. In Subsection 3.2, the action was
invariant under the SU(2) symmetry but it was broken by the choice of essential boundary
conditions.
3.4 Summary
Figure 1. Inverse pyramidal picture illustrating the general principle for determining KK wave
functions and masses within a given model based on extra dimension(s) (BC means “Boundary
Condition”).
We summarize and provide an overview of the method followed in this section to obtain
the fermion mass spectrum and KK wave functions along the spacelike extra dimension(s)
– allowing to calculate the 4D effective Yukawa couplings which had not been considered
here. For this purpose, we present in Fig. 1 a general schematic description of this method
for a well-defined extra-dimensional model. The figure must be understood as follows. A
given extra-dimensional model is defined by its geometrical set-up (spacetime structure
and geometrical field configuration), its field content and its internal (gauge groups,. . . ) as
well as other kinds of symmetries (restricted to the Poincaré group here) of symmetries.
These ingredients determine entirely the action from which Noether’s theorem predicts
the conserved currents. The basic assumptions on the boundaries of the internal space
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where the fields propagate translate into conditions on these currents 8. In turn those
geometrical field configurations fix some fields at the boundaries. One can use essential
boundary conditions (and hence impose vanishing field variations) or natural boundary
conditions with well chosen boundary terms in the action. The KK decomposition allows
to separate the Euler-Lagrange equations into the ones for the 4D fields and for the KK
wave functions along the extra dimension(s). The last step is to solve the KK wave function
equation, together with the previously obtained complete boundary conditions, to find the
mass spectrum.
4 4D Fermion Mass Matrix including Yukawa couplings
In this subsection, we describe the two steps of a first method [25, 57] to include the effects
of the Yukawa terms (2.8) on the final fermion mass spectrum. First, the free KK wave
functions and free spectrum are calculated within a 5D approach whose treatment was
exposed in detail in Section 3. Secondly, one can write a mass matrix for the 4D fermion
fields involving the pure KK masses (the free spectrum of the first step) as well as the
masses induced by the Higgs VEV in the Yukawa terms (2.8) (with free KK wave functions
of first step) which mix the KK modes. The bi-diagonalization of this matrix gives rise to
an infinite set of eigenvalues constituting the physical masses, as will be presented here.
We focus on the interval compactification with the fermion terms of the 5D action (2.12),
with or without SB, in order to work out the mass spectrum. This action leads – after
insertion of the free KK decomposition (3.5), the use of the orthonormalization condi-
tion (3.6) when one integrates over the fifth dimension – to the canonical kinetic terms for
the 4D fermion fields as well as to the following fermionic 4D effective mass terms in the
Lagrangian density (and to independent 4D effective Higgs-fermion couplings not discussed
here),
− χ†LMχR + H.c. (4.1)
where χL and χR are the free KK bases (Eq. (3.5)) for the left and right-handed 4D fields9
χL =
(
Q0L, D
0
L, Q
1
L, D
1
L, Q
2
L, D
2
L, · · ·
)
,
χR =
(
Q0R, D
0
R, Q
1
R, D
1
R, Q
2
R, D
2
R, · · ·
)
,
(4.2)
8The geometrical condition imposed along the three usual spatial dimensions being that the fields and
their derivatives must decrease quickly at large distance and vanish at infinity.
9Notice that there exists only one chirality for the zero modes as explained above with the free solu-
tions (3.22).
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and where the infinite mass matrixM reads (see Ref. [25])
M =

m0 α00 0 α01 0 α02 · · ·
β00 m0 β01 0 β02 0 · · ·
0 α10 m1 α11 0 α12 · · ·
β10 0 β11 m1 β12 0 · · ·
0 α20 0 α21 m2 α22 · · ·
β20 0 β21 0 β22 m2 · · ·
...
...
...
...
... . . .

. (4.3)
mn is the free spectrum of the first and fourth solutions of Eq. (3.22), and the off-diagonal
terms αij and βij describe the mixings between the KK modes (obtained in Section 3)
induced by the Yukawa couplings. They are given by the overlap of the free KK wave
function with the Higgs-brane:
∀(i, j) ∈ N2, αij = X
L
∫
dy δ(y − L) qiL(y) djR(y) =
X
L
qiL(L) d
j
R(L),
∀(i, j) ∈ N?2, βij = X
′
L
∫ L
0
dy δ(y − L) diL(y) qjR(y) =
X ′
L
diL(L) q
j
R(L).
(4.4)
From the first and fourth solutions of Eq. (3.22) respectively for dnL/R(y) and qnL/R(y) in
the studied model, βij = 0.
The physical fermion mass spectrum is obtained by bi-diagonalizing the mass ma-
trix (4.3). The eigenstate basis is then
ψL =
(
ψ0L, ψ
1
L, ψ
2
L, · · ·
)
,
ψR =
(
ψ0R, ψ
1
R, ψ
2
R, · · ·
)
.
(4.5)
This method is called the perturbative method in the sense that truncating the mass matrix
at a given KK level corresponds to keeping only the dominant contributions to the lightest
mass eigenvalue being the measured fermion mass (higher KK modes tend to mix less with
the zero mode due to larger mass differences).
Extracting the mass spectrum equation from the characteristic equation for the Hermi-
tian-squared mass matrix (4.3), in the case of infinite KK towers, is not trivial. This useful
calculation was addressed analytically in Ref. [25] for the present toy model with real
Yukawa couplings Y5 and Y ′5 in Eq. (2.7). The resulting exact equation, without any
approximation is
∀n ∈ N, tan2(|Mn|L) = X2, (4.6)
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so the mass spectrum {|Mn|} = {|Mk|, |Ml|} is given by the two equations:
tan(|Mk|L) = X ⇒ |Mk| = 1
L
[kpi + arctan(X)] , k ∈ N
tan(|Ml|L) = −X ⇒ |Ml| = 1
L
[lpi − arctan(X)] , l ∈ N∗. (4.7)
One can verify that in the limit of vanishing Yukawa couplings (X → 0), the two KK
spectra |Mk| and |Ml| converge to the two free spectra (3.24) (one for each 5D field Q,
D). Truncating the spectra at a given KK level N , one can see that there is a one-to-one
correspondance between the KK modes. Rewriting the spectra with the unique label n,
one gets:
|Mn| = 1
L
|npi + arctan(X)| , n ∈ Z. (4.8)
Let us notice that if one includes SB in Eq. (2.12), the boundary terms are included in
the mass matrix (4.3). Then the would-be induced 4D mass matrix elements vanish since
SB involves (−−) KK wave functions at y = L, like the βij coefficients in Eq. (4.4). Hence
the mass eigenvalues are unchanged.
5 Usual 5D Treatment: the Regularization Doom
In the previous Section 3, the fermion wave functions did not satisfy equations of motion
including interactions with the Higgs field localized on the boundaries. In this part, we
work out the fermion mass spectrum in the model defined by the 5D action (2.12), using
the alternative 5D approach based on the brane-Higgs regularizations [22, 23, 25, 28, 29]
and we point out non-rigorous features of these methods.
5.1 Mixed Kaluza-Klein Decomposition
As we have seen in Eqs. (4.2) and (4.3), after EWSB, the infinite towers of QnL and DnL
fields of the free KK basis (4.2) mix (as well as the QnR and DnR) to form 4D fields ψnL (and
ψnR) of the mass eigenstate basis (4.5). In order to take into account this mixing within
the 5D approach, we expand the 5D fields in the mass eigenstate basis (4.5) instead of
the free KK basis (4.2). It is called a mixed KK decomposition [instead of the free one in
Eq. (3.5)] [22, 23], defined as follows,
QL (xµ, y) =
1√
L
∑
n
qnL(y)ψnL (xµ),
QR (xµ, y) =
1√
L
∑
n
qnR(y)ψnR (xµ),
DL (xµ, y) =
1√
L
∑
n
dnL(y)ψnL (xµ),
DR (xµ, y) =
1√
L
∑
n
dnR(y)ψnR (xµ).
(5.1)
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The 4D fields ψnL/R (∀n) must satisfy the Dirac-Weyl equations iσ
µ
∂µψ
n
L (xµ) = Mn ψnR (xµ) ,
iσµ∂µψ
n
R (xµ) = Mn ψnL (xµ) ,
(5.2)
where the spectrum Mn includes contributions to masses from the Yukawa couplings (2.8).
Note that in contrast to the free case, there is a unique mass spectrum Mn for a unique
4D field tower ψnL/R(xµ). Fo each KK mode, one has the action:
Snψ = iψ
n†
L σ
µ
∂µψ
n
L + iψ
n†
R σ
µ∂µψ
n
R −Mn
(
ψn†R ψ
n
L + ψ
n†
L ψ
n
R
)
. (5.3)
In order to guarantee the existence of diagonal and canonical kinetic terms for the 4D fields
ψnL/R, the associated new KK wave functions must now obey the two following orthonor-
malization conditions,
∀n , ∀m , 1
L
∫ L
0
dy [qn∗C (y) qmC (y) + dn∗C (y) dmC (y)] = δnm, (5.4)
for a chirality index C ≡ L or R. These two conditions are different from the four ones of
Eq. (3.6) due to the new mixed KK decomposition.
5.2 Shift of the Bounday Localized Higgs Field
Here we highlight the formal problems of the 5D process by shifting the brane-Higgs field
away from the boundary [19–21, 25] to get the fermion mass tower. The considered fermion
terms of the 5D action (2.12) are SΨ and SX (without SB which was missed in the relevant
literature and which will be taken into account in Subsection 6). The variations of the
studied action lead to the same free boundary conditions, QR|0,L = DL|0,L = 0, and to the
following bulk Euler-Lagrange equations including the Yukawa coupling constants present
in the mass terms with X and X ′ [instead of the free ones in Eq. (3.3)],
iσ
µ
∂µQL − ∂yQR − δ(y − L)XDR = 0 ,
iσµ∂µQR + ∂yQL − δ(y − L)X ′DL = 0 ,
iσ
µ
∂µDL − ∂yDR − δ(y − L)X ′QR = 0 ,
iσµ∂µDR + ∂yDL − δ(y − L)X QL = 0 ,
(5.5)
where X and X ′ are taken real. Indeed, in view of regularizing the brane-Higgs field, the
Yukawa interactions must be included in the bulk Euler-Lagrange equations [25] as done in
the literature. Inserting the mixed KK decomposition (5.1) into the 5D field Euler-Lagrange
equations (5.5) allows to factorize out the 4D fields, obeying the 4D Dirac equations (5.2),
and to obtain the KK wave function equations for each mode (instead of the free ones in
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Eq. (3.9)):
∀n ,

∂yq
n
R(y)−Mn qnL(y) = − δ(y − L)X dnR(y) ,
∂yq
n
L(y) +Mn qnR(y) = δ(y − L)X ′ dnL(y) ,
∂yd
n
R(y)−Mn dnL(y) = − δ(y − L)X ′ qnR(y) ,
∂yd
n
L(y) +Mn dnR(y) = δ(y − L)X qnL(y) .
(5.6)
Here we underline a first mathematical issue of this usual approach: introducing δ(y − L)
Dirac distributions 10 in these KK wave function equations requires to treat the KK wave
functions as distributions 11. The right-hand sides of the equations (5.6) involve products of
the four KK wave functions and δ(y − L) which are well defined if the KK wave functions
are continuous at y = L. As we will see, some of the KK wave functions are instead
discontinuous at y = L.
The apparent “ambiguity” noticed in the literature (in the context of a warped ex-
tra dimension) was that the Yukawa terms in Eq. (5.6) are present only at the y = L
boundary and might thus affect the fermion boundary conditions. In order to avoid this
question, a regularization of the brane-Higgs coupling was suggested allowing to maintain
the free fermion boundary conditions in the presence of Yukawa interactions. Here is the
main drawback of all the regularization methods: when applying Hamilton’s principle, the
boundary term from the integration by parts of the variation of the bulk action (2.3) has
to vanish without the variation of the localized Lagrangian including the Yukawa couplings
(2.8), leading to free boundary conditions. One should instead impose the variation of the
complete boundary term at y = L to vanish, as we did in Subsection 6.
5.2.1 Regularization I Drawbacks
For the type of regularization first applied in the literature [19–21], called Regularization I
[25], one begins by using the free boundary conditions dnL(L) = qnR(L) = 0 (see respectively
the first and fourth solutions in Eq. (3.22)) in the system of equations (5.6) which becomes
∀n ,

∂yq
n
R(y)−Mn qnL(y) = − δ(y − L)X dnR(y) ,
∂yq
n
L(y) +Mn qnR(y) = 0 ,
∂yd
n
R(y)−Mn dnL(y) = 0 ,
∂yd
n
L(y) +Mn dnR(y) = δ(y − L)X qnL(y) .
(5.7)
10Strictly speaking, a Dirac distribution is a distribution although its historical name is “Dirac delta
function” [58].
11Also called “generalized functions” in mathematical analysis.
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In the next step of this method, the usual trick is to shift the brane-Higgs coupling from
the brane at y = L (TeV-brane in a warped framework) by an amount :
∀n ,

∂yq
n
R(y)−Mn qnL(y) = − δ(y − [L− ])X dnR(y) ,
∂yq
n
L(y) +Mn qnR(y) = 0 ,
∂yd
n
R(y)−Mn dnL(y) = 0 ,
∂yd
n
L(y) +Mn dnR(y) = δ(y − [L− ])X qnL(y) .
(5.8)
Then the integration of the four equations (5.8) over an infinitesimal range, tending to zero
and centered at y = L− , leads to 12
∀n ,

qnR([L− ]+)− qnR([L− ]−) = −X dnR(L− ) ,
qnL([L− ]+)− qnL([L− ]−) = 0 ,
dnR([L− ]+)− dnR([L− ]−) = 0 ,
dnL([L− ]+)− dnL([L− ]−) = X qnL(L− ) .
(5.9)
We see an inconsistency arising here in the regularization process: the first and fourth
relations in Eq. (5.9) show that the KK wave functions qnR(y) and dnL(y) possess a dis-
continuity at y = L − , and thus at y = L in the limit  → 0, using the free boundary
conditions 13. Hence their product with the Dirac distribution centered at y = L is not
defined in the original equations (5.6). As a consequence, the action (2.8) is ill-defined
since the Dirac distribution δ(y − L) multiplies the KK wave functions qnR(y) and dnL(y)
not being continuous at y = L.
In the following steps of this regularization I, one solves Eq. (5.8) first in the interval
[0, L− ) (bulk Euler-Lagrange equations without Yukawa couplings) and applies the free
boundary conditions dnL(0) = qnR(0) = 0. Then one solves Eq. (5.8) on (L − , L] before
applying the jump and continuity conditions (5.9) at y = L−  on the resulting KK wave
functions. The last step is to apply the free boundary conditions at y = L on these KK
wave functions and take the limit → 0 (to recover the studied brane-Higgs model) of the
boundary conditions. The obtained boundary conditions give rise to the equation whose
solutions constitute the fermion mass spectrum with real Yukawa couplings [25],
∀n ∈ N, tan2(Mn L) = X2 (5.10)
exactly as the 4D approach result of Eq. (4.8).
12The integration of Eq. (5.8) could also be performed over the interval [L − , L]; this variant of the
calculation, suggested in Refs. [19–21], represents in fact an equivalent regularization process leading to the
same physical results but with identical mathematical inconsistencies.
13The KK wave functions qnL(y), dnR(y) are usually assumed to be continuous at y = L −  while qnR(y),
dnL(y) remain unknown exactly at this point.
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5.2.2 Regularization II Drawbacks
Within the regularization II [25], the Higgs coupling is first shifted along y in the bulk
equations (5.6), which become
∀n ,

∂yq
n
R(y)−Mn qnL(y) = − δ(y − [L− ])X dnR(y) ,
∂yq
n
L(y) +Mn qnR(y) = δ(y − [L− ])X ′ dnL(y) ,
∂yd
n
R(y)−Mn dnL(y) = − δ(y − [L− ])X ′ qnR(y) ,
∂yd
n
L(y) +Mn dnR(y) = δ(y − [L− ])X qnL(y) .
(5.11)
Integrating these four relations over an infinitesimal range centered at y = L−  gives
∀n ,

qnR([L− ]+)− qnR([L− ]−) = −X dnR(L− ) ,
qnL([L− ]+)− qnL([L− ]−) = X ′ dnL(L− ) ,
dnR([L− ]+)− dnR([L− ]−) = −X ′ qnR(L− ) ,
dnL([L− ]+)− dnL([L− ]−) = X qnL(L− ) .
(5.12)
This set of conditions shows that the four KK wave functions undergo a jump at y = L− ,
in conflict with the continuity required by the products of the shifted Dirac distributions
and the KK wave functions on the right-hand side of the equations (5.11). In other terms,
the continuity conditions (5.12) depend on the right-hand sides of the equations so that
one must choose a value for each KK wave function exactly at y = L− . Taking a mean
value weighted by a real number c 14, Eq. (5.12) takes the form
∀n ,

qnR([L− ]+)− qnR([L− ]−) = −X d
n
R([L−]−) + c dnR([L−]+)
1+c ,
qnL([L− ]+)− qnL([L− ]−) = X ′ d
n
L([L−]−) + c dnL([L−]+)
1+c ,
dnR([L− ]+)− dnR([L− ]−) = −X ′ q
n
R([L−]−) + c qnR([L−]+)
1+c ,
dnL([L− ]+)− dnL([L− ]−) = X q
n
L([L−]−) + c qnL([L−]+)
1+c .
(5.13)
Looking at the left-hand sides of those four equations, one observes that jumps may arise at
y = L (in the limit → 0) for the four KK wave functions [for each nth mode]. Determining
which KK wave functions are discontinuous requires to consider the free boundary condi-
tions at y = L (before applying the limit  → 0), the various c values (including infinity)
and the four KK wave functions simultaneously [as they are related through Eq. (5.13)].
The hypothesis that all of the four KK wave functions are continuous at y = L −  (in
the limit  → 0) corresponds to the same field configuration as in the absence of Yukawa
14Different values of c correspond to physically equivalent regularizations based on different input values
of the Yukawa coupling constants (different coupling definitions).
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interactions and leads thus to a free fermion mass spectrum. This kind of solution was not
considered in the literature since it does not reproduce the SM at low-energies and is thus
not realistic. Therefore, there exists at least one KK wave function discontinuous at y = L
which in turn involves ill-defined products with δ(y −L) in the original KK wave function
equations (5.6). Furthermore, the obtained discontinuous KK wave function [at y = L]
multiplies δ(y − L) in Eq. (2.8), spoiling the mathematical validity of this action.
In the next steps of regularization II, Eq. (5.11) is first solved over the domain [0, L−
) (free bulk Euler-Lagrange equations) and the free boundary conditions at y = 0 are
applied to the resulting KK wave functions. Eq. (5.11) is then solved over (L − , L]
before the jump/continuity conditions (5.13) at y = L −  are applied to the obtained
KK wave functions. Finally the free boundary conditions at y = L are implemented on
those KK wave functions and one applies the limit  → 0 to the boundary conditions.
These boundary conditions lead to the equation giving the fermion mass spectrum with
real Yukawa couplings [25],
∀n ∈ N, tan2(Mn L) =
( 4X
4 +XX ′
)2
, (5.14)
which can still be shown [25] to be physically equivalent to the result of regulariza-
tion I (5.10) as the definition of the Yukawa couplings are also different in the two regu-
larizations.
5.3 Softening of the Boundary Localized Higgs Field
Another type of regularization used in the literature (for warped models) [23–26] consists
in replacing the Dirac distribution δ(y − L) of Eq. (2.8) by a normalized square function:
δ(y − L) =

1

, y ∈ [L− , L] ,
0 otherwise,
(5.15)
with  > 0. The limit when → 0 is formaly the Dirac “function”:
δ(y − L) =

∞ when y = L ,
0 otherwise
(5.16)
as in Dirac’s original article [58]. Of course, this is not a true function in the mathematical
sense. This object has a meaning only in the framework of distribution theory built by
L. Schwartz [33, 34]. The Dirac distribution δ(y−L) is defined from its action on a function
ϕ(y) continuous at y = L such that∫ L
0
dy δ(y − L)ϕ(y) = ϕ(L) . (5.17)
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What is allowed is to say that δ(y − L) converges weakly on δ(y − L) when → 0, which
means that
lim
→0
∫ L
0
dy δ(y − L)ϕ(y) =
∫ L
0
dy δ(y − L)ϕ(y) = ϕ(L) . (5.18)
We insist on the fact that this is allowed because ϕ(y) is continuous at y = L.
In Refs. [23, 24, 26], they found that by naively integrating the equations in the system
(5.6) around y = L, the KK wave functions are discontinuous and they propose to regularize
δ(y − L) with δ(y − L) precisely in a case where it is not allowed. Then, they solve the
system of equations (5.6) in the two regions [0, L − ) and (L − , L]. The KK wave
functions solutions are connected at y = L −  by continuity. They get a mass spectrum
which depends both of X and X ′. For giving a meaning to this regularization procedure,
δ(y − L) in Eq. (5.6) should multiply only continuous wave functions. This happens when
X and/or X ′ vanish. We need X 6= 0 to give their masses to the zero modes of QL and
DR as in the SM. In order to be allowed to soften the brane-Higgs, we have to take X ′ = 0
in a regularization procedure which is well defined in distribution theory.
5.4 Two non-commutativities of calculation limits
The analytical differences of the mass spectra found in the Regularizations I and II, as well
as via the softened and shifted brane-Higgs, could be compensated by different input values
for the Yukawa coupling constants (Y5 and Y ′5) to get identical physical mass values [25].
Nevertheless, the Regularizations I and II are in fact physically different with respect to
the existence of measurable flavor violating effective 4D Yukawa couplings at leading order
in v2/M2KK (with MKK the KK scale) which are generated by the Y ′5 couplings [23] being
present exclusively within Regularization II (as appears clearly in the 4D approach). This
physical difference between the two schemes of regularization raises the paradoxal question
of which one is the correct analytical scheme to use, and represents thus a confirmation
of the inconsistency of regularizing the Higgs peak. These two schemes of regularization
are obtained [25] by commuting in the 4D calculation (of masses and couplings) the order
of implementation of the two limits  → 0 [the regularization parameter  defined in
Eq. (5.8)] and N →∞ [the upper value N of the KK level n in Eq. (3.5)]. Therefore, this
physical non-commutativity of calculation limits reflects the inconsistency of the Higgs
peak regularization. Another paradoxal non-commutativity of calculation limits arising in
the context of regularization of a brane-Higgs coupled to bulk fermions was discussed in
Ref. [28, 29]: different results for Higgs production/decay rates when taking → 0 and then
NKK →∞ 15 [24] or the inverse order [26] in their calculation. We can thus interpret now
this second non-commutativity of calculation limits as another hint for the problematic
brane-Higgs regularization (also expected with a warped extra dimension). The origin of
the two non-commutativities is the mathematically ill-defined (see above) and unnecessary
(see below) Higgs regularization (introducing ).
15Here NKK stands for the number of excited fermion eigenstates exchanged at the loop-level.
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6 New 5D Treatment
In this part, we present a method to calculate the fermionic mass spectrum which does not
require any kind of regularization. We follow the main lines of the methodology developed
for the free case in Section 3 and summarized in Fig. 1.
6.1 Fermionic Currents & Essential Boundary Conditions
We begin with considerations of the fermion currents, as justified in Section 3, to define the
geometrical field configuration of the considered scenario (see the schematic illustration of
Fig. 1). In this scenario, the two 5D fields Q,D propagate only in the interval [0, L]. This
set-up translates into a condition of a vanishing current perpendicular to both boundaries
(see Appendix D for a discussion on Noether’s theorem with boundary terms); this current
is now the sum of the individual currents of type (3.17) for the two fermion species Q,D
since those fermions are mixed at y = L through the terms (2.8). More precisely, there
exists a current involving the two 5D fields:
jM = QΓMQ+D ΓMD with the local conservation relation ∂MjM = 0 , (6.1)
as obtained by Noether’s theorem applied to the global fermionic U(1) symmetry of the
action made of Eqs. (2.3), (2.10) and Eq. (2.8). The associated transformations,
QL/R 7→ e−iαQL/R , DL/R 7→ e−iαDL/R, (6.2)
with α (∈ R) a continuous parameter [now forced by the invariant terms (2.8) to be common
to the two fields Q,D]. Finally, the conditions for a vanishing current perpendicular to the
two boundaries are,
j4
∣∣∣
0,L
=
(
QΓ4Q+D Γ4D
)∣∣∣
0,L
= i
(
Q†LQR −Q†RQL +D†LDR −D†RDL
)∣∣∣
0,L
= 0 . (6.3)
Those relations constitute boundary conditions for the currents.
However, the brane localized Yukawa terms (2.8) are not invariant under the individual
U(1)Q and U(1)D symmetries so the individual currents jMQ and jMD defined in Eq. (3.15)
are separately conserved locally only outside the boundary at y = L, which leads to the
conditions of vanishing currents at y = 0 in Eq. (3.18). These are satisfied if one imposes
the same essential boundary conditions at y = 0 on the fermion wave functions, as in the
free case, and the 4D mass matrix method in Subsection 4,
QR|0 = DL|0 = 0. (6.4)
6.2 Failed Treatment without Henningson-Sfetsos Boundary Terms
We study the mass spectrum considering the action SΨ (2.3) for the kinetic terms and the
Yukawa couplings action SX (2.8), but without the HS terms SB (2.10) for the moment.
The boundary fields at y = 0 are fixed by the essential boundary conditions (6.4), whereas
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they are initially free at y = L so that their functional variations will be taken generic
and continuous including the boundaries (see Appendix C). Without loss of generality, the
stationary action condition can be split into the following conditions for each field,
0 = δ
Q†L
(SΨ + SX) =
∫
d4x
∫ L
0
dy δQ†L
[
iσ
µ
∂µQL − ∂yQR
]
+
∫
d4x
[
δQ†L
(1
2QR −XDR
)]∣∣∣∣
L
, (6.5)
0 = δ
Q†R
(SΨ + SX) =
∫
d4x
∫ L
0
dy δQ†R [iσ
µ∂µQR + ∂yFL]
+
∫
d4x
[
−δQ†R
(1
2QL +X
′DL
)]∣∣∣∣
L
, (6.6)
0 = δ
D†L
(SΨ + SX) =
∫
d4x
∫ L
0
dy δD†L
[
iσ
µ
∂µDL − ∂yDR
]
+
∫
d4x
[
δD†L
(1
2DR −X
′∗QR
)]∣∣∣∣
L
, (6.7)
0 = δ
D†R
(SΨ + SX) =
∫
d4x
∫ L
0
dy δD†R [iσ
µ∂µDR + ∂yDL]
+
∫
d4x
[
−δD†R
(1
2DL +X
∗QL
)]∣∣∣∣
L
, (6.8)
where the field variations at y = 0 are zero because of the essential boundary conditions.
For generic field variations, the bulk and brane variations of Eqs. (6.5), (6.6), (6.7) and
(6.8), must vanish separately. The bulk part of Eqs. (6.5), (6.6), (6.7) and (6.8) leads to
identical bulk Euler-Lagrange equations as in Eq. (3.3). The brane parts give the natural
boundary conditions:
(QR − 2X DR)|L = 0, (DL + 2X∗ QL)|L = 0,
(QL + 2X ′ DL)|L = 0, (DR − 2X ′∗ QR)|L = 0,
QR|0 = 0, DL|0 = 0,
(6.9)
satisfying the boundary current conditions (3.18) and (6.3), and leading to consistency
relations,
4XX ′∗ = 4X∗X ′ = 1 , (6.10)
which imply 4|XX ′| = 1 and α′Y = αY [pi]. Eq. (6.10) gives conditions which relate dif-
ferent parameters of the model. They appear because our model is overconstrained at the
boundaries (similar to the discussion below Eq. (3.14)). The variation of the action at the
boundaries (Eq. (6.5)-(6.8)) involves the variations of both FL and FR. There is thus one
natural boundary condition for each field at each boundary, while FL and FR are related
on-shell by the Euler-Lagrange equations (3.3): the system is thus overconstrained.
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The Euler-Lagrange equations (3.3) lead, via the relevant mixed KK decomposition (5.1)
and 4D Dirac-Weyl equations (5.2), to the equations for the KK wave functions along the
whole interval [0, L],
∀n ,

∂yq
n
R(y)−Mn qnL(y) = 0,
∂yq
n
L(y) +Mn qnR(y) = 0,
∂yd
n
R(y)−Mn dnL(y) = 0,
∂yd
n
L(y) +Mn dnR(y) = 0.
(6.11)
The KK decomposition (5.1) in Eq. (6.9), together with Eq. (6.11), gives the complete
boundary conditions,
∀n ,

qnR(L)− 2X dnR(L) = 0, ∂yqnL(L) + 2XMn dnR(L) = 0,
dnL(L) + 2X∗ qnL(L) = 0, ∂ydnR(L) + 2X∗Mn qnL(L) = 0,
qnL(L) + 2X ′ dnL(L) = 0, ∂yqnR(L) + 2X ′Mn dnL(L) = 0,
dnR(L)− 2X ′∗ qnR(L) = 0, ∂ydnL(L) + 2X ′∗Mn qnR(L) = 0,
qnR(0) = 0, ∂yqnL(0) = 0,
dnL(0) = 0, ∂ydnR(0) = 0.
(6.12)
The boundary conditions are not of type (++) or (−−) anymore. One can call them (+×)
and (−×), where a boundary condition (×) refers to the dependence on X, X ′ at y = L.
We can now solve the bulk equations (6.11) with the boundary conditions (6.12). This
system of coupled first order equations can be decoupled into second order ones so that
∀n,
(
∂2y +M2n
)
fnL/R(y) = 0, (6.13)
whose solutions are given by
∀n, fnL/R(y) = Af,nL/R cos(Mn y) +Bf,nL/R sin(Mn y), (6.14)
with real constant parameters Af,nL/R, B
f,n
L/R. The coupled equations (6.11) impose the
relations Af,nL = B
f,n
R and A
f,n
R = −Bf,nL . The solutions (6.14) of Eq. (6.11) inserted into
the complete boundary conditions at y = 0 (6.12) give rise to the following profiles,
∀n ,
{
qnL(y) = Anq cos(Mn y), qnR(y) = Anq sin(Mn y),
dnL(y) = −And sin(Mn y), dnR(y) = And cos(Mn y),
(6.15)
with Anq ≡ Aq,nL = Bq,nR and And ≡ Ad,nR = −Bd,nL . The normalization conditions (5.4) give
|Anq | = |And | = 1. When these four solutions are injected into the boundary conditions at
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y = L (6.9), one obtains the equations for the mass spectrum,
∀n, tan(Mn L) = 2X A
n
d
Anq
= 2X∗
Anq
And
⇒ tan2(Mn L) = 4|X|2, (6.16)
and
∀n, cot(Mn L) = 2X ′ A
n
d
Anq
= 2X ′∗
Anq
And
⇒ cot2(Mn L) = 4|X ′|2. (6.17)
These two mass spectra are equivalent thanks to the relation (6.10) but they do not match
the mass spectrum (4.8) of the 4D method.
Moreover, the Yukawa coupling y00 between two zero modes is obtained by injecting
the KK decomposition (5.1) in Eq. (2.9) and then by using the BCs at y = L (6.12) and
the relation (6.10):
ShQD =
∫
d4x
(
−y00√
2
hψ0†L ψ
0
R + H.c. + other terms involving the excited KK modes
)
(6.18)
thus
y00 =
Y5
L
q0L(L) d0R(L) +
Y ′5
L
d0L(L) q0R(L) = 0. (6.19)
A vanishing Yukawa coupling for the zero modes is not compatible with the SM at low
energy. All these problems show that this approach is not consistent.
Another failure of the present treatment can be seen when one takes the limit of
vanishing Yukawa couplings (X = X ′ = 0). One expects that the 5D and 4D mass matrix
methods match, i.e. the complete boundary conditions (6.12) should be the same as the
free ones in Subsection 4: QL : (++), QR : (−−), DL : (−−), DR : (++). Instead, we
have QL : (+±), QR : (−±), DL : (−±), DR : (+±), where (±) means that there is a
Neumann and a Dirichlet boundary conditions on the same KK wave function at the same
boundary. This implies vanishing KK wave function everywhere along the extra dimension.
6.3 Treatment with Henningson-Sfetsos Boundary Terms
In order to overcome the drawbacks discussed in Subsection 6.2, we add to the model the
HS terms (2.10). The boundary fields are free to vary on the branes. Hamilton’s principle
applied to SΨ +SX +SB (Eqs. (2.3), (2.8), (2.10)), insisting on continuous field variations
(see Appendix C) field variations, gives
0 = δ
Q†L
(SΨ + SB + SX) =
∫
d4x
∫ L
0
dy δQ†L
[
iσ
µ
∂µQL − ∂yQR
]
+
∫
d4x
{[
δQ†L (QR −XDR)
]∣∣∣
L
−
[
δQ†LQR
]∣∣∣
0
}
, (6.20)
– 29 –
0 = δ
Q†R
(SΨ + SB + SX) =
∫
d4x
∫ L
0
dy δQ†R [iσ
µ∂µQR + ∂yFL]
+
∫
d4x
[
δQ†R
(−X ′DL)]∣∣∣
L
, (6.21)
0 = δ
D†L
(SΨ + SB + SX) =
∫
d4x
∫ L
0
dy δD†L
[
iσ
µ
∂µDL − ∂yDR
]
+
∫
d4x
[
δD†L
(−X ′∗QR)]∣∣∣
L
, (6.22)
0 = δ
D†R
(SΨ + SB + SX) =
∫
d4x
∫ L
0
dy δD†R [iσ
µ∂µDR + ∂yDL]
+
∫
d4x
{[
−δD†R (DL +X∗QL)
]∣∣∣
L
+
[
δD†RDL
]∣∣∣
0
}
. (6.23)
Variations of the action in the bulk and on the branes must vanish separately. The Euler-
Lagrange equations (3.3) are still valid and give, after the KK decomposition, the equations
for the KK wave functions (6.11). This time, the natural boundary conditions from the
vanishing variations of the action on the branes are{
(QR −X DR)|L = 0, (DL +X∗ QL)|L = 0,
X ′ DL|L = 0, X ′∗ QR|L = 0.
(6.24)
It is straightforward to check that the boundary current conditions (3.18) and (6.3) are
satisfied by the natural boundary conditions (6.24) which can be further rewritten without
loss of generality as
(QR −XDR)|L = 0, (DL +X∗QL)|L = 0, X ′ = 0 or (QR|L = 0 and DL|L = 0),
QR|0 = 0, DL|0 = 0, (6.25)
which leads to
BCs 1 : XDR|L = 0, X∗QL|L = 0, QR|L = 0, DL|L = 0,
QR|0 = 0, DL|0 = 0,
or, BCs 2 : (QR −XDR)|L = 0, (DL +X∗QL)|L = 0, X ′ = 0,
QR|0 = 0, DL|0 = 0. (6.26)
As shown in Subsection 6.2 in Eq. (6.19), the Yukawa coupling Y5 must be present to allow
this scenario to reproduce the SM at EW energies. Hence one has X 6= 0 so that the BCs 1
reads
BC 1 : DR|L = 0, QL|L = 0, QR|L = 0, DL|L = 0,
QR|0 = 0, DL|0 = 0. (6.27)
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Then, combining these BCs 1 with the bulk Euler-Lagrange equations (3.3) would lead
to vanishing 5D fields: the presence of the mass term with Y ′5 6= 0 leads to an additional
natural boundary condition which overconstrains the system. Let us move to the BCs 2
by taking Y ′5 = 0 (thus X ′ = 0 and we recover the condition guessed in Subsection 5.3,
which can be expressed in terms of the KK wave functions thanks to the relevant mixed
KK decomposition (5.1), and then combined with the equations for the KK wave functions
(6.11). We get the complete boundary conditions,
∀n ,

qnR(L)−X dnR(L) = 0, ∂yqnL(L) +XMn dnR(L) = 0,
dnL(L) +X∗ qnL(L) = 0, ∂ydnR(L) +X∗Mn qnL(L) = 0,
qnR(0) = 0, ∂yqnL(0) = 0,
dnL(0) = 0, ∂ydnR(0) = 0.
(6.28)
One can check that in the limit X = X ′ = 0, one recovers the free boundary conditions
of the 4D mass matrix approach in Subsection 4: QL : (++), QR : (−−), DL : (−−),
DR : (++).
Eq. (6.11) and the boundary conditions at y = 0 in Eq. (6.28) lead to the same KK
wave functions (6.15) as in Subsection 6.2. When these four solutions are injected into the
boundary conditions (6.28) at y = L, one obtains
∀n, tan(Mn L) = X A
n
d
Anq
= X∗
Anq
And
⇒ tan2(Mn L) = |X|2. (6.29)
The mass spectrum is thus
tan(Mn L) = ±|X| ⇒ Mn = ± 1
L
[npi + arctan(|X|)] , n ∈ Z (6.30)
The normalization conditions of Eq. (5.4) (n = m) give, with the KK wave functions of
Eq. (6.15), Anq = eiβ
n
q and And = eiβ
n
d with βnq , βnd ∈ R. Moreover, Eq. (6.29), together with
the mass spectrum equation in Eq. (6.30), leads to
tan(Mn L) = |X| ⇒ Anq = ei(β
n
d+αY ) , And = eiβ
n
d , (6.31)
tan(Mn L) = −|X| ⇒ Anq = −ei(β
n
d+αY ) , And = eiβ
n
d . (6.32)
When one changes the sign of Mn, one goes from the spectrum (6.31) to the spectrum
(6.32). When one performs the transformation{
Mn 7→ −Mn ,
ψnR 7→ −ψnR or ψnL 7→ −ψnL ,
(6.33)
the 4D actions of each KK modes (5.3) (and thus the Dirac equations (5.2)), the KK wave
functions equations (6.11) and the orthonormalization conditions (5.4) (using the parity of
the solutions (6.15)) are invariant. One can conlude that the sign ofMn is not physical and
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consider only the spectrum (6.31) which is physically equivalent to (6.32). The phase βnd
is not fixed yet. To see if it is physical, we perform the shift βnd 7→ βnd + θn, and check that
the KK wave function equations (6.11) and the orthonormalization conditions (5.4) are
invariant, so one can take βnd = 0 since it is not physical. What about αY ? By performing
the shift αY 7→ αY + θ, we check also that (6.11) and (5.4) are invariant so we fix αY = 0.
At the end, we obtain the KK wave functions (6.15) with Anq = And = 1 and the mass
spectrum:
Mn =
1
L
[npi + arctan(|X|)] , n ∈ Z (6.34)
This time, the mass spectrum matches the one obtained in the 4D mass matrix approach
(Eq. (4.8)). We conclude that this new approach seems consistent.
The Yukawa couplings between the modes n and m follow from inserting the KK
decomposition (5.1) in Eq. (2.9) and using the profiles expression (6.15),
ShQD =
∫
d4x
∑
n,m
(
−ynm√
2
hψn†L ψ
m
R + H.c.
)
(6.35)
thus
ynm =
|Y5|
L
qnL(L) dmR (L)
= |Y5|
L
cos(Mn L) cos(Mm L)
= (−1)n+m |Y5|
L(1 +X2) , (6.36)
where we use the mass spectrum (6.30) and trigonometric identities16 to get the last equal-
ity.
6.4 Brane Localized Terms & the Dirac Distribution
In this part, we reformulate the method in Subsection 6.3 with the formalism of distri-
butions [33, 34]. As it corresponds just to reexpress the procedure in the language of
distributions, the physical results are the same.
6.4.1 The 5D Action as a Distribution
One can treat the 5D fields as distributions in order to handle boundary localized interac-
tions. In this subsection, we choose a different approach where the fields are still functions
but the action is built with rectangular and Dirac distributions.
To formulate our model using Dirac distributions for the brane localized terms, we
define the 5D fields on y ∈ R and use a rectangular distribution ΘI(y) = θ(y) − θ(y − L)
16
∀n ∈ Z, cos(x+ npi) = (−1)n cos(x) (6.37)
cos(arctan(x)) = 1√
1 + x2
(6.38)
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to restrict the action to the physical compact space. The 5D action is thus rewritten as
SΨ +SB +SX =
∫
d4x
∫ +∞
−∞
dy {LΨ ΘI(y) + LB [δ(y)− δ(y − L)] + LX δ(y − L)} . (6.39)
An important remark is that the fields in the Lagrangians LΨ (2.3), LX (2.8) and LB(2.10)
must be continuous at the positions of the 3-branes in order to define the product between
the Dirac distributions and the Lagrangians LB, LX in Eq. (6.39).
Hamilton’s principle applied to the action (6.39), varying each field, with generic vari-
ations at the boundaries, leads to
0 = δ
Q†L
(SΨ + SB + SX) =
∫
d4x
∫ +∞
−∞
dyΘI(y) δQ†L
[
iσ
µ
∂µQL − ∂yQR
]
+
∫
d4x
∫ +∞
−∞
dy
[
δ(y − L) δQ†L (QR −XDR)− δ(y) δQ†LQR
]
,
(6.40)
0 = δ
Q†R
(SΨ + SB + SX) =
∫
d4x
∫ +∞
−∞
dyΘI(y) δQ†R [iσ
µ∂µQR + ∂yFL]
+
∫
d4x
∫ +∞
−∞
dy δ(y − L) δQ†R
(−X ′DL) , (6.41)
0 = δ
D†L
(SΨ + SB + SX) =
∫
d4x
∫ +∞
−∞
dyΘI(y) δD†L
[
iσ
µ
∂µDL − ∂yDR
]
+
∫
d4x
∫ +∞
−∞
dy δ(y − L) δD†L
(−X ′∗QR) , (6.42)
0 = δ
D†R
(SΨ + SB + SX) =
∫
d4x
∫ +∞
−∞
dyΘI(y) δD†R [iσ
µ∂µDR + ∂yDL]∫
d4x
∫ +∞
−∞
dy
[
−δ(y − L) δD†R (DL +X∗QL) + δ(y) δD†RDL
]
,
(6.43)
where we used the fact that ∂yΘI(y) = δ(y) − δ(y − L) since ∂yθ(y) = δ(y). The generic
field variations should be understood as playing the role of testfunctions. One gets the
equations including distributions,
(
iσ
µ
∂µQL − ∂yQR
)
ΘI(y) + (QR −XDR) δ(y − L)−QR δ(y) = 0,
(iσµ∂µQR + ∂yQL) ΘI(y)−X ′DL δ(y − L) = 0,(
iσ
µ
∂µDL − ∂yDR
)
ΘI(y)−X ′∗QR δ(y − L) = 0,
(iσµ∂µDR + ∂yDL) ΘI(y)− (DL +X∗QL) δ(y − L) +DL δ(y) = 0.
. (6.44)
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One can notice that, in the formalism of distribution theory, the 5D Euler-Lagrange equa-
tions contain the information leading to the natural boundary conditions via the products
with δ(y−L). If one applies the distribution equations (6.44) on a testfunction η(y), whose
support supp(η) is such that supp(η) ⊂]0, L[, one gets simply
∫ +∞
−∞
dy
[(
iσ
µ
∂µFL − ∂yFR
)
ΘI(y) η(y)
]
= 0,∫ +∞
−∞
dy [(iσµ∂µFR + ∂yFL) ΘI(y) η(y)] = 0.
(6.45)
For a generic testfunction η(y), this leads to the bulk Euler-Lagrange equations (3.3) for the
5D fields restricted to (0, L). Assuming that the 5D fields are differentiable with respect to
y with continuous derivatives, one can extend the viability of this Euler-Lagrange equations
system (6.45) to [0, L]. Then, using them in the system (6.44), we obtain
(QR −XDR) δ(y − L) = 0,
X ′DL δ(y − L) = 0,
X ′∗QR δ(y − L) = 0,
(DL +X∗QL) δ(y − L) = 0.
(6.46)
Again, one obtains the same boundary conditions as in Eq. (6.25). At the end, we recover
the system of 5D Euler-Lagrange equations (3.3) and boundary conditions of Subsection 6.3.
The solution of the equations is thus the same (see the discussion in Subsection 6.3 be-
low Eq. (6.25)). Therefore, treating the Yukawa terms as distributions is just another
mathematical way to treat brane localized couplings of bulk fields.
6.4.2 Currents and Distributions
The formalism of distributions is particulary convenient to study the currents associated
to the 5D fields. We come back to the two transformations U(1)Q,D in Subsection 3.2. It
is straightforward to generalize Noether’s theorem to the case of a Lagrangian distribution
as in Eq. (6.39). The current associated to the field F = Q,D is
JMF = jMF ΘI , (6.47)
with jMF defined as in Eq. (3.15), and in particular j4F is given by the same expression as in
Eq. (3.17). Moreover, Noether’s theorem gives the expression for the divergence of these
currents (|αf |  1) [59],
∂MJ
M
F =
∂
∂αf
(L∗Ψ ΘI(y) + (L∗B + L∗X) δ(y − L)) , (6.48)
where the ∗ means the transformed Lagrangian under U(1)F . Therefore, even if the currents
JMF are not conserved on the 3-brane at y = L, Eq. (6.48) can still provide information,
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linking the bulk currents to the Yukawa couplings on the 3-brane. For the left-hand side
of (6.48), using (6.47), one gets
∂MJ
M
F = ∂MjMF ΘI + j4F [δ(y)− δ(y − L)] . (6.49)
Restricting our study to the bulk, it is clear from Eq. (2.1) that U(1)F is a symmetry of
LΨ so the associated current is conserved outside of the branes,
∂Mj
M
Q = 0. (6.50)
Again, we know that the fields are differentiable with continuous derivatives on [0, L], thus
Eq. (6.50) can be extended to the 3-branes. Using this last result in (6.49), we have
∂MJ
M
F = j4F [δ(y)− δ(y − L)] ,
= −j4F δ(y − L), (6.51)
where we used the fact that j4F vanishes at y = 0 since there is no mixing term between Q
and D here17. Subsequently, one can express the right-hand side of Eq. (6.48) with (2.8)
for the transformation U(1)Q,
∂L∗
∂αQ
= i
[
X∗D†RQL −X Q†LDR +X ′∗D†LQR −X ′Q†RDL
]
δ(y − L), (6.52)
hence (6.51) with (3.17) leads to[(
Q†RQL −Q†LQR
)
−X∗D†RQL +X Q†LDR +X ′Q†RDL −X ′∗D†LQR
]∣∣∣
y=L
= 0. (6.53)
which is trivially satisfied by the BCs 2 in Eq. (6.26) that we choose. One can repeat the
same exercise for the transformation U(1)D. Our choice of boundary conditions is thus
consistent with the conservation laws of the currents.
7 Implications
7.1 Interpretation of the Analytical Results
The matching of the fermion mass spectra obtained in the distinct 4D (Subsection 4) and
5D (Subsection 6.3) approaches constitutes a confirmation of both the spectra and the
feature that regularizing (performed in none of the 4D and 5D approaches) is not required
for the calculation. The 5D method is obviously different from the 5D regularizations (of
type I and II) discussed in the literature and whose inconsistencies have been pointed out
in Section 5.
As a corollary, note that there is no other theoretical reason other than a would-
be regularization to introduce a temporary shift along y of the Dirac distribution in the
17but the constraint that j4 (6.3) has to vanish at y = L remains.
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spectrum calculation. This shows the uniqueness of the fermion mass spectrum since such
a shift could modify the spectrum (as in the regularization II). Indeed, in particular in the
4D approach, the coefficients βij of Eqs. (4.3)-(4.4) would tend to zero as shift of the brane
on which the Higgs is localized would go to zero, implying a change of the mass spectrum
if this limit is taken after (like in the 4D regularization II) the infinite KK tower limit of
the mass matrix characteristic equation [25].
Besides, the independence of the final fermion mass spectrum (6.30) on the parameter
X ′ is an important result since most approaches including brane-Higgs regularization lead
to a X ′ dependeence. The condition X ′ = 0 is required in order to have a system of
Euler-Lagrange equations with boundary conditions which is not overconstrained.
Let us now interpret physically the absence of the role of the Y ′5 coupling (involved in
X ′) in the final spectrum (6.30) which depends only on X. In the 4D approach, starting
with the free action SΨ + SB, the KK wave functions dnL(y) and qnR(y) (∀n), defined in
Eq. (3.5) and given respectively by the first and fourth solutions of Eq. (3.22) (see the
discussion below this equation), vanish at the boundary y = L. Hence the term with
a coefficient X ′ in the action SX of Eq. (2.8), added to the above free action SΨ + SB,
gets multiplied by a vanishing factor from the integration over the interval due to the
Dirac distribution δ(y − L). More intuitively, the Y ′5 term localized at the boundary y =
L, and coupling the brane localized Higgs boson to the bulk fermions DL, QR, should
not have any effect since the associated free fermionic KK wave functions vanish at this
boundary. Moreover, if this term is absent at tree level, it will not be perturbatively
generated [60, 61], and thus this situation is technically natural. This feature is confirmed
by the rigorous procedure of solving the Euler-Lagrange equations and complete boundary
conditions leading to the mass spectrum (6.30).
7.2 Phenomenological impacts
In the appropriate treatment developed in the present chapter without regularization, the
obtained mass spectrum and the effective 4D Yukawa coupling depend on Y5 but not on
Y ′5 coupling constant.
The results for fermion masses and profiles are also correct when one invokes the brane-
Higgs Regularization I for which the Y ′5 dependence cancels. Hence, the phenomenological
analyses in the literature based on such results are still valid: see for instance Ref. [10, 22,
37, 57, 62–64]. Those arguments apply also to the geometrical background with warped
extra dimensions where the spectrum is expected to be independent of Y ′5 as well.
However, if the Regularization II or the softering of the brane-Higgs are used, the
obtained fermion masses and 4D Yukawa couplings depend on both Y5 and Y ′5 so that the
results differ effectively from the correct ones. Hence, the phenomenological studies based
on these analytical results (for example Ref. [23, 24, 28–30]) should be reconsidered.
In addition, the effective 4D Yukawa couplings to fermions and their KK excitations
affect the main Higgs production mechanism at the Large Hadron Collider (LHC): the
gluon-gluon fusion via triangular loops of (KK) fermions. Hence the effect of the realistic
limit [25] of vanishing Y ′5 on the constraints on KK masses derived in the studies [24, 28–30],
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within the warped background and based on the Regularization II, should be considered
as well.
Besides, the rotation matrices diagonalizing the 4D fermion mass matrix (4.3) do not
diagonalize simultaneously the effective 4D Yukawa coupling matrix since the latter one
does not contain matrix elements due to the pure KK masses. The induced flavor violating
4D Yukawa couplings are generated at leading order by Y ′5 contributions as can be shown
diagrammatically [23]. Hence there exist Flavor Changing Neutral Current (FCNC) effects
in measured ∆F = 2 processes such as K − K, B − B and D − D mixings, mainly
produced by tree-level exchanges of the Higgs boson via Y ′5 couplings. These lead to
considerable lower bounds on the KK boson mass scale found to be around 6 − 9 TeV in
the analysis [23] on warped extra dimensions using indeed the Regularization II. Hence
these bounds should be significantly alleviated in the realistic situation where Y ′5 → 0; this
limit should be applied since the independence found in the present paper on Y ′5 (extended
via flavor indices) remains true for the case of three flavors, as well as for fermion bulk
masses, as it is clear in the 4D approach where the βij-elements (4.4) of the mass matrix
still vanish. The predictions of Ref [23], based on Regularization II, that FCNC reactions
involving Yukawa couplings, like the rare top quark decay t→ ch and exotic Higgs boson
decay to charged leptons h → µτ , can be observable at the LHC deserve reconsiderations
as well when Y ′5 = 0.
8 Summary & Conclusion
For bulk fermions coupled to a brane-Higgs boson we have shown that the proper calcula-
tion of the fermion masses and effective 4D Yukawa couplings does not rely on brane-Higgs
regularizations. The justifications are the following ones: (i) There are no jumps of the
fermion wave functions at the boundary where the Higgs field is localized so there is no
motivation to introduce an arbitrary regularization, (ii) the regularizations suffer from
several mathematical discrepancies confirmed by two known non-commutativities of calcu-
lation limits, (iii) our method without any regularization is validated in particular by the
matching between the 4D versus 5D treatments.
In the rigorous method developed for both free and brane-coupled bulk fermions, we
have also pointed out the necessity to either include HS terms in the Lagrangian, or alterna-
tively impose conditions on vanishing conserved currents at the boundaries of the interval.
The arguments go as follows: (i) the presence of HS terms guarantees the conditions on
currents which define the field geometrical configuration of the model, (ii) the HS terms
and the conditions on currents allow to define a model which is not overconstrained and to
find physically consistent fermion masses, bulk profiles and effective 4D Yukawa couplings
(solutions fulfilling the normalization constraints and the decoupling limit condition), (iii)
the HS terms lead to the expected matching between the 4D and 5D calculation results.
We summarize the results in Tab. 1. The HS terms indicate a possible origin of the chi-
ral nature of the SM as well as of its chirality distribution among quark/lepton SU(2)W
doublets and singlets.
– 37 –
NBCs only EBCs HS terms & NBCs
4D approach Not physical BCs (±) BCs (±)
5D approach Not physical Impossible BCs (×)
Table 1. Summary of the results of the 4D and 5D approaches. We use the following acronyms:
BC for Boundary Condition, EBC for Essential Boundary Condition, NBC for Natural Boundary
Condition.
The general methodology worked out reveals that the information regarding the defi-
nition of a higher-dimensional model are not necessarily fully contained in the action itself
– through the deduced Euler-Lagrange equations and the natural boundary conditions –
but might be partly included as well through essential boundary conditions.
We finished the analysis by the phenomenological impacts of the new calculation
method which predicts the independence of the fermion masses and effective 4D Yukawa
couplings on the Y ′5 parameter of the Lagrangian. This feature, with respect to the Regu-
larization II or to the softening of the brane-Higgs usually applied in the literature, should
in particular alleviate significantly the previously obtained severe bounds on KK masses
induced by FCNC processes generated via flavor violating couplings of the Higgs boson.
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A Notations & conventions
We use the conventions of the Ref. [65].
The 5D Minkowski metric is
ηMN = diag(+1,−1,−1,−1,−1). (A.1)
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The 4D Dirac matrices are taken in the Weyl representation,
γµ =
(
0 σµ
σ
µ 0
)
, with
{
σµ =
(
I2, σi
)
,
σ
µ =
(
I2,−σi
)
,
(A.2)
where
(
σi
)
i∈J1,3K are the 3 Pauli matrices,
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
, and I2 =
(
1 0
0 1
)
. (A.3)
Thus a 4D Dirac spinor Ψ can be decompose in its chiral components,
Ψ = ΨL + ΨR with ΨL
.=
(
ψL
0
)
and ΨR
.=
(
0
ψR
)
. (A.4)
We have also the 4D chirality operator,
γ5 = i
3∏
µ=0
γµ =
(
−I2 0
0 I2
)
, (A.5)
which defines the projectors on 4D chirality,
PL,R =
I2 ∓ γ5
2 , (A.6)
such that for the 4D Dirac spinor Ψ, we have{
ΨL,R = ∓γ5 ΨL,R,
ΨL,R = ±ΨL,R γ5.
(A.7)
With our conventions, the 5D Dirac matrices are
ΓM =
(
γµ, iγ5
)
. (A.8)
B Holography for Fermions
In this appendix, we recall the way of performing Hamilton’s principle in a holographic
context following Ref [46], to show the effect of the Henningson-Sfetsos terms. We want
to describe a free fermion field F in a 5D bulk with the extra dimension compactified on
an interval [0, L]. Usually, because of the AdS/CFT correspondence, the bulk is a slice of
AdS5, but this is not essential for our discussion, so we consider a flat extra dimension.
The bulk part of the action is similar to the one in Eq. (2.3),
SΨ =
∫
d4x
∫ L
0
dy
1
2
(
iF †Rσ
µ←→∂µFR + iF †Lσ
µ←→
∂µFL + F †R
←→
∂yFL − F †L
←→
∂yFR
)
. (B.1)
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In the holographic context, one has to choose a source field which has to be fixed at one
boundary, and allows the remaining degrees of freedom to vary. One cannot fix simulta-
neously FL and FR on the brane at y = 0 because a 5D Lagrangian for a fermion contains
only first order derivatives. Here we choose FL as our source field,
FL(xµ, y = 0) = F 0L (δFL = 0 at y = 0), (B.2)
and FR is free to vary. Hamilton’s principle for each field leads to
0 = δ
F †L
SΨ =
∫
d4x
∫ L
0
dy δF †L
[
iσ
µ
∂µFL − ∂yFR
]
+
∫
d4x
1
2
[(
δF †L FR
)∣∣∣
L
−
(
δF †L FR
)∣∣∣
0
]
, (B.3)
0 = δ
F †R
SΨ =
∫
d4x
∫ L
0
dy δF †R [iσ
µ∂µFR + ∂yFL]
+
∫
d4x
1
2
[
−
(
δF †R FL
)∣∣∣
L
+
(
δF †R FL
)∣∣∣
0
]
. (B.4)
δFL|0 = 0, but δFR|0 is generic so the boundary variations at y = 0 vanish only if one
adds a Henningson-Sfetsos term at y = 0,
SB = −
∫
d4x dy δ(y) 12
(
F †LFR + F
†
RFL
)
. (B.5)
This boundary term at y = 0 is thus essential to cancel the brane variations in the holo-
graphic context. It is important to notice that other brane terms (as brane kinetic terms
for example) can be localized at y = 0 if they are functions of FL only (δFL|0 = 0 so the
brane variations vanish). In the holographic approach, the value of the field at y = 0 is
determined by the equations of motion for F 0L 6= 0 after the bulk has been integrated out.
The choice of FL as a source field is equivalent to a Neumann boundary condition for it
(and thus a Dirichlet boundary condition for FR). Brane localized terms for a field are
hence only consistent with a (+) boundary condition. In the same way, if FR is chosen as
the source field (FR is (+) and FL is (−)), the boundary variations vanish with a brane
term as in Eq. (B.5) but with the opposite sign.
Since in the holographic approach the source fields are chosen at one boundary so there
is no similar motivation to introduce a Henningson-Sfetsos boundary term at y = L. In the
literature, the brane variations at y = L vanish by imposing by hand a Dirichlet boundary
condition for FL or FR at y = L.
C Note on the Continuity of the Fields on a Brane
A priori, a 5D field can be discontinuous across a brane. It is thus important to investigate
whether continuity is required by the definition of the Lagrangian in order to know if
one has to take continuous or discontinuous variations of the field across the brane when
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applying Hamilton’s principle. In order to deal with a discontinuous field, it is convenient
to use distribution theory. One can associate a regular distributions Φ˜(xµ, y) = φ(xµ) f˜(y)
to a 5D field18 Φ(xµ, y) = φ(xµ) f(y). There are two cases to distinguish for the brane
position:
1) If the brane is at y = ` away from a boundary of the extra dimension, the weak
partial derivative with respect to y is
∂yΦ˜ = {∂yΦ}+
(
Φ|y=`+ − Φ|y=`−
)
δ(y − `) , (C.1)
where {∂yΦ} (xµ, y) = φ(xµ) ∂˜yf(y) is the regular distribution associated to the partial
derivative ∂yΦ(xµ, y) = φ(xµ) ∂yf(y). We distinguish two cases:
• f(y = `−) 6= f(y = `+) so the discontinuity implies non-vanishing brane localized
terms proportional to δ(y−`) from Eq. (C.1). When one applies Hamilton’s principle,
one has to take discontinuous field variations allowing for δΦ|y=`− 6= δΦ|y=`+ .
• f(y = `±) 6= f(y = `) but f(y = `−) = f(y = `+) so the term proportional to δ(y−`)
vanishes in Eq. (C.1). One can define a continuous field Φ′(xµ, y) = φ(xµ) f ′(y) such
that f ′(y 6= `) = f(y 6= `) and f ′(`) = f(`±). According to distribution theory
[33, 34], Φ′(xµ, y) and Φ(xµ, y) are associated to the same distribution Φ˜(xµ, y) since
they are equal everywhere except on the hypersurface at y = `. From the point of
view of distribution theory, Φ(xµ, y) and Φ′(xµ, y) belong to the same equivalence
class so one can take a field Φ(xµ, y) continuous at y = ` from the beginning. In this
case, when one applies Hamilton’s principle, the variations of the field δΦ(xµ, y) are
taken continous at y = ` too.
2) If the brane is the boundary at y = L of the extra dimension, the field Φ(xµ, y) =
φ(xµ) f(y) can be discontinuous on this hypersurface: f(L−) 6= f(L). However, if we
define the continuous field Φ′(xµ, y) = φ(xµ) f ′(y) such that f ′(y 6= L) = f(y 6= L) and
f ′(L) = f(L−), it belongs to the same equivalence class as Φ(xµ, y) from the point of vue
of distribution theory, since the two fields are equal everywhere except on the boundary
y = L. As in the second case of 1), the weak partial derivative with respect to y does not
have a singular term at y = L:
∂yΦ˜ = {∂yΦ} . (C.2)
One can take a field Φ(xµ, y) continuous at y = L as starting point. In this case, when one
applies Hamilton’s principle, the variations of the field δΦ(xµ, y) are taken continuous at
y = L too.
D Hamilton’s Principle & Noether Theorem with Distribu-
tions
In this Appendix, we want to generalize Hamilton’s principle and Noether’s theorem with
the Lagrangian as a distribution. We have a 5D field φ(xµ, y) propagating into an extra
18In general, a 5D field is a sum of products of 4D fields with wave functions along the extra dimension.
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dimension compactified on an interval I = [0, L]. We call Lbulk(φ, ∂Mφ), L0(φ, ∂µφ) and
LL(φ, ∂µφ) the Lagrangians in the bulk, on the boundary at y = 0 and on the boundary
at y = L respectively. The action is
S =
∫
d4x
∫ +∞
−∞
dy L˜ , (D.1)
with the Lagrangian distribution
L˜ = ΘI(y)Lbulk + δ(y)L0 + δ(y − L)LL , (D.2)
where ΘI(y) = θ(y)− θ(y − L), with the Heaviside distribution θ(y).
Hamilton’s principle gives:
0 = δS =
∫
d4x
∫ +∞
−∞
dy
{
δφ
∂L˜
∂φ
+ δ(∂Mφ)
∂L˜
∂(∂Mφ)
}
,
=
∫
d4x
∫ +∞
−∞
dy
{
δφ
[
∂L˜
∂φ
− ∂M ∂L˜
∂(∂Mφ)
]}
+
∫
d4x
[
δφ
∂L˜
∂(∂Mφ)
]+∞
y=−∞
, (D.3)
where we have used the fact that the integral of the 4-divergence give a surface term at
the infinity which vanishes. The field variations δφ are testfunctions whose supports are
included into R so δφ(xµ,±∞) = 0, and we get the 5D Euler-Lagrange equations with
distributions:
∂L˜
∂φ
− ∂M ∂L˜
∂(∂Mφ)
= 0 . (D.4)
Let the field transform under an infinitesimal global continuous symmetry:
φ(xµ, y) 7→ φ(xµ, y) + α∆φ(xµ, y) . (D.5)
If the symmetry is internal, the Lagrangian is invariant:
L˜(xµ, y) 7→ L˜(xµ, y) (D.6)
so
0 = α∆L˜ = (α∆φ) ∂L˜
∂φ
+ ∂M (α∆φ)
∂L˜
∂(∂Mφ)
= α∆φ
[
∂L˜
∂φ
− ∂M ∂L˜
∂(∂Mφ)
]
+ α∂M
(
∆φ ∂L˜
∂(∂Mφ)
)
. (D.7)
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When the Euler-Lagrange equations (D.4) are satisfied, the current
JM = ∆φ ∂L˜
∂(∂Mφ)
= ΘI(y) ∆φ
∂Lbulk
∂(∂Mφ)
+ δ(y) ∆φ ∂L0
∂(∂µφ)
+ δ(y − L) ∆φ ∂LL
∂(∂µφ)
(D.8)
is conserved:
∂MJ
M = 0 , (D.9)
and we recover Noether’s theorem.
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